ON THE STRUCTURE OF THE BLOCH-KATO SELMER GROUPS OF
MODULAR FORMS OVER ANTICYCLOTOMIC Z,-TOWERS
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ABSTRACT. Let p be an odd prime number and let K be an imaginary quadratic field in
which p is split. Let f be a modular form with good reduction at p. We study the variation
of the Bloch—Kato Selmer groups and the Bloch—-Kato—Shafarevich—Tate groups of f over the
anticyclotomic Zjp-extension Koo of K. In particular, we show that under the generalized
Heegner hypothesis, if the p-localization of the generalized Heegner cycle attached to f is
primitive and certain local conditions hold, then the Pontryagin dual of the Selmer group of
f over K is free over the Iwasawa algebra. Consequently, the Bloch-Kato—Shafarevich-Tate
groups of f vanish. This generalizes earlier works of Matar and Matar—Nekovar on elliptic
curves. Furthermore, our proof applies uniformly to the ordinary and non-ordinary settings.

1. INTRODUCTION

1.1. Setting and notation. Fix once and for all a prime number p > 2, an algebraic closure
Q of Q and Qp of Qp, and an embedding ¢,: Q — Qp. Let N > 1 be an integer and f =
> >0 an(f)g™ be a normalized cuspidal eigen-newform of even weight & > 2 and level I'g(N),
and let § = Qy (an(f) : n > 0) be the finite extension of Q, generated by the Fourier coefficients
of f under the embedding ¢,; denote by o the ring of integers of § and fix a uniformizer @ of o.
Deligne [Del71] attached to f a p-adic representation

pPr- GQ — GLQ(S)

that is unramified outside of pN. Denote by V; the underlying vector space, and let V' = Vy(k/2)
be its central critical twist. When p { 2(k — 2)IN@(NN), where ¢(N) is Euler’s totient function,
Nekovar [Nek92, §3] constructed a lattice T C V' that is endowed with a Gg-equivariant skew-
symmetric perfect pairing

TxT—o(1),

making T, and hence V, self-dual. That is, T ~ Hom,(7,0(1)) and V ~ Homgz(V,§(1)); cf.,
[Kat04, (14.10.1)]. We put A = V/T.

Let K be an imaginary quadratic field of discriminant dg # —3,—4 coprime to Np. Write
N as the product N = NTN~ with NT (resp. N~) divisible only by primes that split (resp.
remain inert) in K. We assume that (K, N) satisfies the generalized Heegner hypothesis:

(Heeg.) N~ is a squarefree product of an even number of primes.

Next, let K /K be the anticyclotomic Z,-extension of K, and K, be the intermediate exten-
sion with Gal(K,,/K) ~ Z/p™Z. We will assume p { hg, so that both places above p in K are
totally ramified in K,/K. By an abuse of notation, we will denote by v and @ the two places
above p in K, for n € Z>o U {oo}. Put I' = Gal(K/K) and A = o[[T']].
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Finally, if M is a Z,-module, we denote by M" its Pontryagin dual Hom(M, Q,,/Z,), and by
Mygiy its maximal divisible subgroup.

1.2. Background. In this paper, we are interested in the anticyclotomic Iwasawa theory of
Selmer groups attached to the form f, assuming the w-indivisibility of the associated generalized
Heegner class. We shall begin with a brief historical account which will provide some context to
our results to be stated below. We invite the intrigued reader to consult [MN19, §0] for a much
more detailed overview.

Our study of the Selmer groups is deeply rooted in Kolyvagin’s original breakthrough [Kol90],
where, under some assumptions, a bound of the Shafarevich—Tate group over K is given when
f corresponds to a rational non-CM elliptic curve E for which the Heegner point yx € F(K) is
nontorsion. Gross [Gro91] subsequently gave a self-contained proof in the simplified setting when
yx ¢ pE(K), in which case the p-part of the Shafarevich—Tate group of E over K is trivial, and
hence Sel,~ (E/K) coincides with E(K) ® Q,/Z,, generated by yx.

Assuming furthermore that F has good ordinary reduction at p, the work of Matar—Nekovar
[MN19], among other things, put the result of Kolyvagin—Gross in the Iwasawa theoretic context,
and proved the vanishing of the p-primary Shafarevich-Tate groups of E in the anticyclotomic Z,-
tower. Furthermore, they studied the structure of Sel,~ (E/K,) and showed that the Pontryagin
dual of Selp (F/K) is a free A-module of rank one. When E has good supersingular reduction
at p, building on the work of Longo—Vigni [LV19b] and the plus/minus theory of Kobayashi
[Kob03], Matar [Mat2la, Mat21b] extended the results of [MN19] to show that the p-primary
Shafarevich-Tate groups of E in the anticyclotomic Z,-tower are once again trivial, whereas the
Pontryagin dual of Selp~ (E/K) is a free A-module of rank two.

Recently, the second-named author [Mas23| established the analogous result of Kolyvagin—
Gross in the higher weight case, with the Heegner point replaced by the generalized Heegner
class zp x € H'(K,T) (the exact definition is recalled in §3). In this vein, our goal here is to
study the variation of Selmer groups of higher weight modular forms in the anticyclotomic tower.

1.3. Main result. We now state our main theorem, which corresponds to Proposition 5.1,
Corollary 5.4 and Theorem 6.2 in the main body of the article. Below, for a number field L,
Sel(L, A) denotes the usual Bloch-Kato Selmer group.

Theorem A. Let f be a normalized cuspidal eigen-newform of even weight k and level To(N).
Let K be an imaginary quadratic field with coprime-to-Np discriminant dg # —3,—4 and sat-
isfying (Heeg.). Assume moreover N > 5 if N~ =1 and Nt >3 if N~ # 1. Let p be a prime
such that:

(i) p splits in K, and does not divide the class number hy .
(i) pt2(k - 2)IN(N).
(iii) If f is weight-2 p-ordinary, then ap # 1 (mod w).
(iv) For any w | N in K and any w' | w in Koo, 1 |AGK°°vw’/(AGK°°’w')div|.
(v) The restricted class loc,(z¢, k) € Hi (Ky,T) is not in wH} (K, T).

(vi) Sel(K,A) =F/o0 -z k.
Then we have

(1) Forn € Z»o U {oo}, the relazed-strict (or BDP) Selmer group Sel’*(K,,, A) is trivial.

(2) Forn € Zsq, Sel(K,, A) =~ (F/0)®".

(3) The Pontryagin dual Sel(Koo, A)Y is a free A-module of rank one (resp. two) if f is
ordinary (resp. non-ordinary) at p.

Remark 1.1. We now explain the raisons d’étre of the hypotheses of Theorem A. The splitting
assumption (i) is inherent in our approach, namely the use of BDP Selmer groups in the study
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of usual Selmer groups; see §1.4 for more details. As mentioned earlier, condition (ii) originates
from Nekovai’s construction of the lattice T. Entry (iii) gives the triviality of A[w]%%=.w for
w | p, which ensures certain desirable properties of the local and global cohomology groups under
consideration (see Lemma 4.1). Condition (iv) is a higher-weight variant of the p-freeness of
Tamagawa numbers (cf. [Gre99, remark following Lemma 3.3]), and is needed for the exact control
theorem Proposition 4.2. The premises (v)-(vi) are key inputs of our proof of the vanishing of the
BDP Selmer groups. The local indivisibility statement (v) is analogous to the assumption that
the Heegner point yx of an elliptic curve E satisfies yx ¢ pE(K,) in [Mat2la, Theorem 1.4].
Note that (v) implies z ¢ wH'(K,T), and thus if f does not have complex multiplication in
the sense of [Rib77, p. 34] and p is large enough, (vi) is true by a result of the second-named
author (see Theorem 3.1 and Remark 3.2).

Remark 1.2. As the reader will notice, our proof of Theorem A in §5 and §6 does not employ the
generalized Heegner class in an essential way. Rather, we rely on the existence of a cohomology
class z € H} (K, T) for which the conditions given by hypotheses (v) and (vi) above are met; note
that any two such classes z, 2’ differ only by an element of 6. As such, when N~ = 1, Theorem
A holds when zf i is replaced by the classical Heegner class P(1) € H{ (K, T) constructed by
Nekovar [Nek92|, where the corresponding statement of (vi) is a result of Besser [Bes97, proof of
Theorem 1.2] under some assumptions on p (when N~ # 1, there is also a partial result in this
direction given in [EdVP18], where the bound of Shafarevich-Tate groups is not made explicit).
In this article, we settle for using the class z¢ i, because

e Condition (vi) is known to be valid by the work of the second-named author under the
generalized Heegner hypothesis together with certain additional assumptions; see §3 for
an extensive discussion of this result.

e From the perspective of the BDP Iwasawa main conjecture, the vanishing of Selm’O(KO07 A)
is tied with z x being w-indivisible in H!(K, T'), as explained in Remark 5.3. Therefore,
it is natural to choose zf x as our “prima donna”.

1.4. Strategy of proof. Our proof can be regarded as a synthesis of two important philosophies:
that of Matar—Nekovar [MN19], whose insight is that precise information of Selmer modules
varying in the tower can be obtained from that at the bottom via purely Iwasawa-theoretical
methods; and that of Kobayashi-Ota [KO20], which emphasizes the utility of the BDP Selmer
groups that can be handled uniformly for both ordinary and non-ordinary primes, making them
remarkable surrogates to the usual Selmer groups whose behaviors are far more intricate.

More precisely, our proof of Theorem A proceeds as follows. First, in §5, we establish the van-
ishing of BDP, i.e., relaxed-strict, Selmer groups, under the assumption of local w-indivisibility
of zf k; along the way, we review the control theorem for BDP Selmer groups in §4. The rest of
§5 then uses the vanishing to prove that the localizations Sel(K,,, A) — H{ (K, A) are isomor-
phisms for n € Z>y and w | p (the subscript f denotes the Bloch-Kato local condition, and is
recalled in §2). On the one hand, this gives the growth formula for Selmer groups. On the other,
it converts the study of Selmer groups to that of local cohomology groups, which we investigate
in §6 using the theory of universal norms from p-adic Hodge theory.

1.5. Obiter dictum. As an aside, in Appendix A, we present an alternative approach to results
similar to Theorem A in the special case where a,(f) = 0. This approach is modeled on that of
Matar [Mat21al, which is based on the study of the (generalized) Heegner modules and crucially
uses the plus/minus theory originally developed by Kobayashi in [Kob03] (and later extended to
modular forms in [Leill, Leil0]). In this case, under some extra condition on the first and second
generalized Heegner classes, the corank growth formula can be proved by assuming the global w-
indivisibility of z¢ x (see Theorem B.(II)), which complements Theorem A. As part of the proof,



4 A. LEI, L. MASTELLA, AND L. ZHAO

we show that the Pontryagin duals of the plus and minus Selmer groups are free of rank one over
A, generalizing [Mat21a, Theorem 3.1]. When a,(f) # 0, even though Sprung’s /b theory [Spr12]
(and the higher weight generalization) is available in the anticyclotomic setting (see [BL21]), it
is not clear to the authors how to extend the proof of Theorem B to this generality. The main
obstacle is the lack of an explicit description of the /b Selmer groups over finite extensions K,.
Such description plays a crucial role in the proof of Theorem B.
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advice on becoming a better mathematician. He also thanks Xin Wan and the Morningside
Center of Mathematics (MCM) for their generous support and warm hospitality during his visit.
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L-functions. LZ is supported in part by the European Research Council (ERC, CurveArithmetic,
101078157), and his visit to MCM is supported by Xin Wan’s National Key R&D Program of
China grant 2020YFA0712600 and NSFC grant 12288201.

2. SELMER GROUPS

From now on, we will always assume that p splits in K and pt2(k — 2)INo(N)hg.

In this section, we introduce the various notions of Selmer groups that will be utilized through-
out the paper. Let S = {¢: ¢ | N} and for any finite extension E/K, let Sk denote the set of
primes of E above those of S. For n € Z>U {co} we also use the shorthand S, in place of Sk, .
Write ¥ = SU{p, 0}, g = SpU{w | poo} and let Ex be the maximal unramified extension of
FE unramified outside X g.

Recall that for any place w of E the Bloch—Kato finite local condition f on V is defined as

ker (H'(Ey,V) = HY(Eyw,V ® Beris))  if w | p;

He (B, V) = {ker (HY(Ew,V) = H'(I,,V)) if wtp,

where I,, C G, is the inertia subgroup at w and Bg,s is Fontaine’s ring of cristalline periods.
This defines also local subgroups H¢ (Ey, A) C H'(E,, A) and H}(E,,T) C H(E,,T) taking
respectively its image and preimage via the morphisms induced by the natural projection V- — A
and inclusion ' C V.

For M =T,V, A the Bloch-Kato Selmer group is defined as

HY(E,, M)
Sel(E, M) = ker | H*(Ex,, M) — |,
( I fs
wfoo

Note that the infinite places are ignored since p > 2. For F = K,, we will consider additional
Selmer groups by varying the local conditions at places dividing p. Thus for w € {v,7} a place
of K,, we introduce:

e The relaxed condition @ defined by
H (Ko, A) = H (K, A).
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e The strict condition 0 defined by
Hy (K, A) =0 C HY (K, 0, A).
We define for , e € {f,0,0}, the (%, e)-Selmer group of A as

.o H(
Selv(Kn,A):ker<H1(Kn,z,A)—> 11 TR A TR d) " HRee D)

wESy,

Kn,wvA) % Hl(Kn,vyA) % Hl(Kn,va)>

Note that Sel™f(K,, A) = Sel(K,, A). In addition, we put Sel”* (Ko, A) = lim Sel"* (K, A).

n
We will call Sel®(K,,, A) the BDP-Selmer group of A and will denote it by Sel®PF (K, A), its
name derived from its link with the p-adic L-function of Bertolini-Darmon—Prasanna [BDP13]
and Brakodevié [Brall] via the corresponding Iwasawa main conjecture; see [Cas17, Theorem 3.4],
[KO20, Theorem 1.5] and [LZ24, Theorem A], as well as our discussion in Remark 5.3 below.
Occasionally, we shall also consider compact Selmer groups over K,,:

Sel**(K,,T) = @ Sel™* (Ky, A)[p™].

m

3. REVIEW OF GENERALIZED HEEGNER CYCLES

In what follows, we work with a distinguished set of cohomology classes z; . € Sel(K[c],T),
where K[c] denotes the ring class field of K of conductor ¢ € Zso. Throughout this section,
we shall assume k > 2 when N~ # 1, as this is the setting of [Mag22|, where such classes are
constructed in the quaternionic case.

In the case N~ = 1, we define zp. € H'(K|c],T) to be the class 2y, . of [CH18, (4.6)] for
X the trivial character. These classes are the image of (a subclass of) the generalized Heegner
cycles of [BDP13] via a suitable étale Abel-Jacobi map (see [CH18, §4.2, 4.4] and [Mas23, §3.3])

Algiq: CHF N (Xp—o/Klc])o ® 0 — HY(K[c],T).

Here, X5 is the so called generalized Kuga—Sato variety, namely the product over the modular
curve X1 (N) of the Kuga—Sato variety Wy_o and (k — 2)-copies of a CM elliptic curve A defined
over K[1]. As explained in [CH18, Remark 4.8], the image of AJx. is contained in Sel(K[c],T'),
so in particular zy . € Sel(K{c|, T).

When N~ # 1, we can define such classes in a similar way, after replacing Wy_o with the
Kuga—Sato variety defined over a (quaternionic) Shimura curve and A with a false elliptic curve
with CM by Og. This construction is carried out in [HB15] and [Mag22|. We write zf . for the
class zy, . of [Mag22, (5.2)] with x taken to be the trivial character. We shall abuse the notation
and use the same letters AJg g to denote the étale Abel-Jacobi map of [Mag22, §5.8-5.9]; again
its image is contained in Sel(K[c],T) and in particular z;. € Sel(K[c],T) as noted in [Mag22,
proof of Proposition 7.9].

In both cases, we let

zp k= Coresgpy/k(2f,1) € Sel(K,T).

The classes zy . satisfy certain norm relations as ¢ varies, forming an (anticyclotomic) Euler
system (see [CH18, Proposition 7.4] for the case N~ = 1, [Mag22, Proposition 7.9] for the case
N~ #1). Let £ be the set of square-free integers n that are products of primes ¢ 1 2pN that
are inert in K. For any n = m/{ € JZ, with £ prime, we have

(El) COI"GSK[n]/K[m] (Zf)n) = QpZf,m;

(E2) loci(zf,n) = Reskmi, /i n), (Froby -loca(z5,m));

(E3) 7 zpm = wy(o - 2pn),
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where A\ denotes the unique prime of K above ¢, locy: HY(K[n|,T) — H'(K|n]x,T) is the
localization at a prime A, of K[n] over A, which we choose such that A, | A\,41 for all n € Zx,
Frob, is the Frobenius element at ¢, 7 denotes the complex conjugation, wy € {£1} is the
eigenvalue of f with respect to the Atkin—Lehner involution and o € Gal(K[n]/K) is the image
of M via the Artin map.

In particular, using these properties, Castella—Hsieh and Magrone (see [CH18, Theorem 7.7|
and [Mag22, Theorem 7.11]) showed that if zf x is not o-torsion, then Sel(K, V) = Fz¢ k. The
second-named author of the present article improved this result in the case N~ =1,k > 2, p# 3
and f is p-ordinary under certain assumptions on p in [Mas23, Theorem 0.2]. The following
theorem is a slight extension of loc. cit. Note that the p-ordinary condition and the condition
k > 2 are not used in the proof therein. Moreover, the exclusion of p = 3 ensured the validity of
Lemma 4.5 ibid. (as explained in Remark 4.4 ibid.), for which we will provide a different proof
below (see Lemma 3.4).

Theorem 3.1. Let p be a prime such that
o pI2NG(N)(k - 2)L;
e p is unramified in §;
e ps has big image, i.e., its image contains the set of matrices

{9 € GLa(0) : det g € (Z))*'}.
If z5 K is not o-torsion and is not divisible by p as an element of Sel(K,T'), then
Sel(K, A) = (S/U)Zf,lf

Remark 3.2. Our assumption on the big image implies that f is non-CM for the following
reason. As discussed in [Rib85, first paragraph of p. 186], if f were a CM form, Lie(py) could be
identified with L®Q,,, where L is the field of “complex multiplication” of f [Rib77, p. 34, Remark
1]. However, the big image condition implies that this Lie algebra should contain sly(§F), which
is a contradiction. Consequently, [Rib85, discussion at the end of §3] tells us that Theorem 3.1
applies to all but finitely many p.

Proof of Theorem 3.1. The proof follows the same line of the argument of [Mas23, Theorem 0.2].
We give a brief summary here for the convenience of the reader and explain why the condition
N~ =1 and the p-ordinarity of f are not necessary. Let M > 1 be an integer and write %, for
the set of square-free products of prime numbers ¢ such that

(1) €4 Npdic;

(2) ¢ inert in K

(3) pM | ap, £+ 1;

(4) pMTry e+ 1+ay.
Applying the Kolyvagin derivative operator to the classes zy,, we may construct as in [Mas23,
§4.2] a family of classes P(n) € H'(K, A[pM]), n € #); and show that the properties (E1)-(E3)
and the inclusion zs, € Sel(K[n],T) imply that [Bes97, Proposition 3.2] applies to our current
setting. In other words, for any n € J#);, we have:

(1) P(n) belongs to the e,-eigenspace of the complex conjugation acting on H'(K, A[pM]),
where €, = (—1)*™w; € {£1} (here, w(n) denotes the number of prime factors of n);

(2) for any v{ Nn, loc,(P(n)) € H} (K., A[p™]);

(3) if n = m - £, there is an isomorphism H} (K, A[pM]) & HI(K,, A[pM]), where H! =
H'/H} is the singular quotient, such that locyP(m) corresponds to [locyP(n)]s (the
image of locy P(n) in HX(Kx, A[pM))).
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The fact that the classes P(n) satisfy properties (1)-(3) and our assumptions on p are the input of
[Bes97, §6] (where again f is not assumed to be ordinary at p). We can therefore apply verbatim
the results therein. In particular, the quotient

Sel(K, A)/(F/0)zf,k
is annihilated by p?Zr, where 1, denotes the smallest non-negative integer such that zy g is
non-zero in H'(K, A[p*r]). In particular, if zf i is not divisible by p, we have
Sel(K, A) = (F/0)zy, k. O
We discuss consequences of Theorem 3.1 on Shafarevich—Tate groups.

Definition 3.3. Let E/K be a finite extension of fields. We define the Bloch-Kato—Shafarevich—

Tate group of f over E as

Sel(E, A)

Mpi(E,A) = —————"—.
Br(F, 4) Sel(E, A)div

Similar to [Nek92|, it is possible to define another type of Shafarevich-Tate groups via the
Abel-Jacobi map. This definition facilitates the use of generalized Heegner cycles in the study
of Shafarevich—Tate groups, which we will do in the appendix of the article.

Lemma 3.4. The restriction maps
Resg(i)/x: Sel(K, T) — Sel(K[1],T)2 (K M/K)
Res 1]/ xc,, * SeL(K, T) — Sel(K [p"+1], T) G/ KR /Kn) -y >
are isomorphisms.
Proof. By the inflation-restriction sequence the kernel and cokernel are subquotients of
H'(Gal(K[p"™]/K,), HO (K [p"*1],T))

for i = 1,2 respectively. Under our running assumption p { hx, we have p { # Gal(K [p" 1]/ K,) =
hi(p—1), and thus H(Gal(K[p"*t1]/K,,), H*(K[p"*],T)) = 0for alli € Z-o as H'(K[p"™!],T)
is pro-p, using [AW67, Corollary 6.1]. |

Definition 3.5. We define the ‘modified’ image of the Abel-Jacobi map

W(K) = Resyly c ((im AT o) S50/ ) € Sel(K, T)

and for any n > 1,
— . a. nt1 n
W(Ky) = Resy iy i, ((lmAJK[pn“])G W )> S Sel(K, T).

The Abel-Jacobi-Shafarevich-Tate group of f over K,,, for n > 0, is defined as
Sel(K,, A)
U(K,) ®§/0

The reader is refered to [Mas23, Definitions 3.7 and 5.19], where ¥ is denoted by /NXP and Iy
by e, for further details.

Note that U(K,) ® §/o C Sel(K,, A)aiv, by the commutativity of the following diagram for
n>0

IHAJ(K’VI) A) =

U(K,) ®F — Sel(K,,,V)

l |

U(K,) ® (§/0) — Sel(K,, A).



8 A. LEI, L. MASTELLA, AND L. ZHAO

Hence, there is a projection

Ay (K, A) — Mgk (K, A).
As far as the authors are aware, it is not known whether this map is an isomorphism in general.
However, under an additional assumption on zf i, we may prove the following result, which is
analogous to [LV23, Proposition 4.20] (see also Remark 3.8).

Proposition 3.6. Suppose that z¢ i is not o-torsion. Then, IIIA;(K, A) = Hlgk (K, A).

Proof. When N~ =1, [CH18, Theorem 7.19] tells us that Sel(K, A)/(F/0)zy k is annihilated by
a power of p. Thus, IITx;(K, A) is finite. Consequently, ¥(K) and Sel(K, A) both have corank
1 over 0. The same can be said when N~ > 1 since the results of [CH18, §7.5] can be readily
generalized after replacing the anticyclotomic Euler system in loc. cit. by the one constructed
in [Mag22]. Therefore, in both cases, U(K) ®, §/o0 coincides with Sel(K, A)giyv, from which the
proposition follows. O

From Theorem 3.1 we deduce that

Corollary 3.7. Let p be as in the statement of Theorem 3.1. Suppose that zf g is not o-torsion
and that it is not divisible by p as an element of Sel(K,T). Then,

Iay (K, A) = gk (K, A) = 0.

Remark 3.8. If f is p-ordinary, Theorem 3.1 can be used to prove (see [Mas23, Theorem 5.23|)

that
Sel(K oo, A) _0

(hgn \I/(Kn)) ®§/o

In the current article, we prove that the same vanishing holds for the Bloch-Kato—-Shafarevich—
Tate group over K, for all n € Z>o U {oo} under suitable assumptions for both ordinary and
non-ordinary primes. Moreover, in the appendix, we extend the III; vanishing results of [Mas23]
to non-ordinary primes assuming a, = 0 (see Theorem B.(V)). It should become apparent to the
reader that the proofs we present here utilize techniques of a very different nature.

In general, it is not known whether III55(K,, A) and gk (K,,A) coincide. In the or-
dinary setting, Theorem A together with [Mas23, Theorem 5.23] imply that IITxj(Kw, A) =
Mgk (K, A) = 0 under appropriate hypotheses. In the non-ordinary setting, when a, = 0, The-
orem B.(IIT) shows that I ;(K,, A) and gk (K,, A) coincide under the hypotheses therein
(and vanish simultaneously under an additional condition). Such agreements obtained in this
article seem to be a remarkable serendipity.

H_IAJ(KOO,A) =

4. CONTROL THEOREM

We first introduce some notation. Recall that K, is the n-th layer of the anticyclotomic Z,-
extension K., /K, and we denote ', = Gal(K/K,) = T?". Given w { p a place of K, let w' | w
be a place of K, and write Gg__ . for the decomposition group of w’ in Gk _, . Define

By = A% e | (AGKOC,W/>
v div ’
note that b, = | By,| depends on w and not on w’. Also, in what follows, for a Selmer condition
*=1,0,0, we will write H/l* for H'/H} for local and global cohomology groups.
We will work under the following hypotheses:

(Tors.) If f is weight-2 p-ordinary, then a, #1 (mod w).

(Tama.) For any place w | N of K, p 1 b,,.



SELMER GROUPS OVER ANTICYCLOTOMIC TOWERS 9

The assumption (Tors.) should be thought of as a restraint on the torsion group A, as the
following lemma shows. We note that in what follows, when referring to (Tors.), we are often
having Lemma 4.1.(a) in mind.

Lemma 4.1. Suppose (Tors.) holds. Let w be a place of K lying above p. Then
(a) HO(KOO,UM A)=0;
(b) Suppose that f is ordinary at p, and let T+ denote the unique rank-one sub-representation
of Ty, whose Hodge-Tate weight is k/2. Let A~ = Hom(T™",§/0)(1). Then, we have
HY(Kow, A7) =0.

Proof. If f is non-ordinary at p, the assertion in (a) is a consequence of a result of Fontaine
(see, e.g., Lemma A.3). In the remainder of the proof, we assume that f is ordinary at p. The

representation T|q . ~is of the form
k
5)@43 *
0 5 Iyed?|’

where Xy is the cyclotomic character, and ¢ is an unramified character that sends the geometric
Frobenius to the unit root of X2 — a,(f)X +p*~! (see [LV21, p. 445]). In particular,

A7 = (§/0) (572)

Let I, be the inertia group of Gk,. Then the image I, under xcyc is Z;j. If £ > 4, we
have —(p — 1) < 1 — k/2 < 0 (thanks to our running hypothesis that p 1 2(k — 2)INp(N)).
Thus, 6~ xaye’*(I,) € 1+ pZ,. This implies that H°(I,,, A=) = 0. If k = 2, the hypothesis
that a,(f) # 1 mod w ensures that 6‘1)(3},}]6/2 = 57! is not the trivial character modulo w,
so H(K,,, A~ [w]) = 0 still. In both cases, we have H°(K,,, A=) = 0. Consequently, an orbit-
stabilizer argument implies that H°(K,, ,,, A7) = 0 for all n € Z>( (see [DR21, proof of Lemma
5.2|, for example), and hence HY(Ky v, A7) = 0, as H* (Koo, A7) = Up>0H(Kpuw, A7) by
the continuity of the Galois representation. This proves part (b) of the lemma.

We now turn our attention to part (a). As above, it suffices to show that H°(K,,, A) = 0. Let

k)2 -
{e1,e2} be a basis of 092 on which G, acts through the matrix ngc 6*1X~1_k/2 . Suppose
cyc

H°(K,,A) # 0. Then there exists an element ze; + yes € 092 such that, for all o € G,
o (xey + yes) = ze; +yea  (mod w).
In other words, for all o € G,
(20XE2(0) + yE(0) ) €1 + y3 ¥ 2 (o)e = wer +yes (mod ).
In particular, for all o € G,
yéflxéy}k/z(o)eg =yes (mod w).

Our proof for part (b) tells us that we must have y =0 mod . This in turn implies that

/2

Toxepe(0) = wey  (mod w) for all o € G,

As 0 < k/2 < (p—1), we have once again 5)(%3([1”) ¢ 14 pZ,. Therefore, HO(Iw,{S’/o((?Xg{CZ)) =
0, which implies that # = 0 mod w. Hence, we conclude that H°(K,, A) = 0, which implies
the assertion of part (a). O
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Proposition 4.2. Suppose A satisfies assumptions (Tors.) and (Tama.). Let x,e € {0,0}. The
restriction map on cohomology groups induces an isomorphism ®,, : Sel**(K,,, A) — Sel** (K., A)F'»
for alln € Z>y.

While control theorems of this flavor are standard (see, e.g., [Mat21la, Lemma 4.3], [LLM23,
Theorem 4.1] and [Pon20, Lemma 2.3]), we give a proof here for the reader’s convenience. We
begin with two lemmas:

Lemma 4.3. Let w | N be a place of K and F be an unramified finite extension of K,,. Then
ACF s finite.

Proof. For the sake of contradiction, suppose instead that there exist infinitely many n € Zxg
such that z, € ASF and the annihilator ideal of z,, is (w™) C o0; we extend x,, to all of n € Zxq
by setting x,_1 = wx,, if z,, is defined and x,,_; is not. Let e be the ramification index of §/Q,
and put y, = Tepn. Denote by (—, —) the pairing from [Nek92, Proposition 3.1.(2)] on T' x T' and
also A[p"] x A[p"] for n € Z>( (note that since T is self-dual, A[p"] ~ (T'/p™)¥(1)). Then we
have (p™ ™Y, Yn) € ppn for all n,m € Z>o,m > n.

For m,n as above, denote by Dy, ,, the o/p™-submodule generated by p™ "y, y, in A[p"™]. If
Dy, = A[p"], then the same argument as [Sil09, Corollary I11.8.1.1] shows that p,» C F, which
cannot happen for n >> 0. Thus there exists ng € Z>¢ such that for all n > ng, yn, = and" ™Yy
for some a,, € 0. Put

G = pnoinynm ifn < no;
" AnYn, if n > ng.

It follows from our construction that (4, )n>0 € @n A[p"]9F; thus we have a nonzero element
in 767, and hence in VEr,

To derive a contradiction, we will now recall some property of the local Galois representation
at the bad prime w; we thank Ming-Lun Hsieh for explaining this to us. Denote by I C Gp
the inertia subgroup, and recall V;y = V(—k/2) is Deligne’s cohomological Galois representation.
Since w 1 p, taking the I-invariant commutes with the p-cyclotomic twists. Note also that,
with ¢ being the rational prime under w, I C Gr C Gq, is the full inertia group of £ as K is
unramified at places that divide N. Then, as is standard, we have VI = Vfl (=k/2) =0 oris
one dimensional. In the latter case, we have Frob, acts on V' as —fe 1, following Atkin-Lehner
[AL70] and Carayol [Car86] (see also [Nek92, Proposition 3.1.(4)]); here € ¢ is the Atkin-Lehner
sign. Therefore, no power of Froby is 1 and we have VEr = 0. O

Lemma 4.4. Let w | N be a place of K,, that is finitely decomposed in Ko, and let w' | w be a
place in K. Denote by I'y, ;v C Ty, the decomposition group of w'. We have

# ker (H}f(Kn,w,A) 5 Hg(Koour, A)me’) < by
In particular, when p 1 by, the above kernel is trivial.

Proof. The proof is a variant of [Gre99, Lemma 3.3]. Recall that by [PR92, §2.1,7, §2.2.4], we
have H{ (Koo, A) = 0. Next, consider the commutative diagram with exact rows

H (K, A) ———— HY (K, A) —————— Hg(Kpp 0, A) —— 0

J J I

0 ————— HY (Koo, A’ == HY (Koo, A)'n" —— 0
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By snake lemma we find
Hker(gur) < #ker (H' (Kpas A) = H' (Koo s A)Tm’) = #HY (T e, A% o0,
As I'y, v # 0 is pro-cyclic, if we fix a topological generator v, € I'y, ., then
H (e, A% o) o At [ (s = 1) Ao,

the latter of which is a quotient of B, since (AGKoo,w’ aiv € (Y — 1)AGK°°,w’ by Lemma 4.3.
These combined show # ker(g,) < by,. O

Proof of Proposition 4.2. We first note that the injectivity of ®,, follows from the inflation-
restriction exact sequence

0— HY(T,, A%~) » HY(K,,A) — H (K., A),

and our assumption (Tors.).
For the surjectivity, we consider the commutative diagram with exact rows

Sel™* (K, A)———H" (K5 /K, A)————H/, (Kpn.v, A) x H},(Kn5,A) x [ Hj¢(Kpw, A)
wES,
P h lg

Fn
Sel*"(Koo,A)F"c—>H1(Kg/KOO,A)F"*>(H}*(KOO,U,A)xH}.(Km7v7A)x H H}f(Koo,w,,A)> .

w' €S

By the inflation-restriction exact sequence and (Tors.) again, we have coker(h) = 0. Thus, by
the snake lemma, the surjectivity of ®,, would follow from ker(g) = 0. Note that g is given by
the local maps

'

Guw - H}@(Kn’w,A) — H H}@(Koo,w’aA) ’

w’ |w
where
f w|N;
O=<x w=u;
o w v

The inflation-restriction exact sequence and (Tors.) imply that ker(g,,) = 0 with w | p. It remains
to show that ker(g,,) = 0 for w | N. For this, we enlarge g,, to

Tn
9oy - H/lf(Kn,waA) - H H/lf(KOO,w’aA) - H H/lf(KOO,w’aA)F"’w'

w’|w w! |w

(notation as in Lemma 4.4). We then have a dichotomy: either w is infinitely decomposed in
K, in which case ker(g!,) = 0; or w is finitely decomposed, in which scenario the vanishing of
ker(g,,) remains valid thanks to Lemma 4.4 and (Tama.). O
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lBDP

5. VANISHING OF Se AND ITS CONSEQUENCES

Recall that z¢ x € Hf (K, T) is the generalized Heegner class over K; we use the same letter
for its image in H{ (K, A). The following hypotheses are in effect

(Loc.div.) loc, (2,1c) & wHi (K, T).

(Sel.) Sel(K,A) =§/o0 - 25 k.
Note also that, by local Tate duality, the assumption (Tors.) implies
(Tors’.) H?*(K;,T) = 0.
The proof of the following proposition is inspired by [Mat21a, proof of Theorem 3.2].
Proposition 5.1. Assume (Tors.), (Tama.), (Loc.div.) and (Sel.). For alln € Zxo U {oo},
Sel®PP (K, A) = 0.

Proof. By Proposition 4.2, we have Sel®°Y (K, A) = Sel®PY (K, A)I'". As Sel®PP (K., A) is
co-finitely generated [Gre89, Proposition 3], by Nakayama it suffices to prove Sel®"F (K, A) = 0.
Equivalently, we show that

(5.1) Sel™ (K, A) — H' (K5, A)

is injective.

We start with a bisection of Selm’w(K ,A). We have the following Cassels—Poitou-Tate exact
sequence (see [Was97, p. 119] for a detailed discussion over Q; the argument can be applied to
general number fields with minor adjustments):

0 — Sel(K, A) — Sel® (K, A) s Hly(K,, A) x Hlp(Kq, A) % Sel(K, T)",
where Sel(K,T) = @n Sel(K, A)[p"]. This gives rise to the following short exact sequence:

(5.2) 0 — Sel(K, A) — Sel”® (K, A) % ker(6) — 0.
Consequently, the injectivity of (5.1) follows from the following two claims:
(a) If z € Sel®? (K, A) is such that locy(2) = 0, then z € Sel(K, A).
(b) The localization map Sel(K, A) — H' (K3, A) is injective.
We begin with the proof of (b). First, note that the localization map can be decomposed as

(5.3) locy : Sel(K, A) = §/0 - 2.1~ HY(Ky, A) — H' (K3, A),

where 1) 5 is the built-in morphism from the definition of Sel(K, A), and the first isomorphism
is guaranteed by (Sel.). Suppose z € ker(1g 5) is of the form z; x ® a/w™ for some a € 0™ and
n € Z>o. By (Tors.), we have an exact sequence

Hence, we may and will regard H} (K3, T) as a subgroup of Hf (K, V). Since v 5(z) =
locy(2f,k) ® a/w™ = 0 € H}(Ky, A), we have locy(zf,x) € w"Hf (K, T). Now, by apply-
ing the complex conjugation to (Loc.div.), we find locy (2, k) ¢ wH¢ (K, T), which forces n = 0
and hence z = 0.

As for (a), we note that by (Loc.div.) and (Sel.), we have Sel(K,T) = lim Sel(K, A)[p"]

0 - 2§k, and that, by definition, ker(d) C H/lf(Kv,A) X H/lf(Kﬁ,A) is orthogonal to im(6V)
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im(Sel(K, T)) C HE (K,,T) x H} (K3, T). Now, if z € Sel®? (K, A) is such that locg(z) = 0, then
¥(z) € ker(f) is also orthogonal to H{ (K5, T), and thus to

0 x H} (K3, T) +im(Sel(K, T)) C H} (K,,T) x Hi (K, T).

By (Tors.), H} (K, T)x H} (K3, T) is torsion-free and thus isomorphic to 02 (see [BK90, Corollary
3.8.4]). Now, (Loc.div.) tells us that the projection of zf j in H{ (K,,T) is a generator, whereby
0 x H} (K3, T) + im(Sel(K,T)) = H}(K,,T) x H} (K3, T). This shows 9(2) = 0 and hence
z € Sel(K, A). O

Remark 5.2. Note that we proved that
(i) Sel(K,A) — H} (K3, A) is an isomorphism.
(ii) ker(f) ~ §/o, as its Pontryagin dual is (Hg (K., T) x H{ (K3, T))/im(Sel(K,T)), which
is isomorphic to o by (Loc.div.). In particular, Sel®? (K, A) ~ (§/0)2 by (5.2).
Additionally, as one can check, our proof works with v, v switched under the same set of assump-
tions.

Remark 5.3. We discuss a possible alternative proof of Proposition 5.1 utilizing the Iwasawa main
conjecture that relates the BDP p-adic L-function of [BDP13, Brall, HB15] (which we denote
by LEPP € ou[[I]], where o' denotes the ring of integers of the completion of the maximal
unramified extension of §) to the BDP Selmer group. Throughout this remark, we assume that
the following inclusion holds

(5.4) (LEDP)2 € chary Sel®PP (K, A)Y @ o,

In the ordinary case, this is a consequence of [LV19a, Theorem 3.5] under mild hypotheses; see
the discussion in [HL23, Remark 13], see also [BCK21, Theorem B] and [Swe24] for more recent
developments. When f is non-ordinary at p, k = 2 and N~ =1, (5.4) has been studied in [L.Z24],
which built on the prior work of Kobyashi-Ota [KKO20].

One can check, using the interpolation formula for LEDP at the trivial character (see [JLZ21,
Theorem 7.2.4], [BDP13, Theorem 5.13] and [HB15, Theorem 1.1]), that LpP" is a unit under
an appropriate hypothesis on the image of the zy, x under the Bloch-Kato logarithm map. Conse-
quently, (5.4) implies that Sel®°Y (K., A)Y is a pseudo-null A-module. However, Sel®PY (K, A)Y
does not contain any non-trivial pseudo-null submodule (see [LMX24, Lemma 3.4]). Therefore,
we deduce Sel®PP (K, A) = 0. If (Tama.) also holds, we can combine the last equation with
the exact control theorem Proposition 4.2 to conclude that Sel®PP (K, A) =0 for all n.

Corollary 5.4. Suppose that the assumptions of Proposition 5.1 hold. Then, for all n € Zxy,
the map Sel(K,, A) = H{ (K w, A) is an isomorphism for w | p. Consequently,

(1) corank,(Sel(K,,A)) =p™.

(2) The Bloch-Kato-Shafarevich-Tate group gk (K, A) = Sel(K,,, A)/Sel(K,,, A)aiv = 0.

Proof. Without loss of generality, assume w = ©. We have the Cassels—Poitou—Tate exact se-
quence

0 — Self (K., A) — Sel(K,,, A) = H} (K5, A) — Sel®?(K,,, T)".

From Proposition 5.1 we see that Sel’(K,, 4) C Sel”(K,,, A) = 0, whereby the injectivity
follows.
As for the surjectivity, by Proposition 5.1 with v, v switched, we have

Sel”? (K, A) = | Sel®’(K,,, A)[p™] = 0.

m>0
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Thus, Sel®’ (K, A)[p™] = 0 for all m, whereby Sel™’(K,, T) = lim  Sel”’(K,,, A)[p™] = 0.
Now, we turn our attention to the “therefore” part. For (1), we have corank,(Hf (K w, A)) =
p" by [BK90, Corollary 3.8.4] and the base change property (Bgr®@V)%5nw = (Bgr@V )%k @,
K. The assertion (2) follows from the fact that H'(K,, ., A) is divisible (see |Gre01, proof of
Theorem 2.9]). O

6. RESULTS ON UNIVERSAL NORMS

Throughout §6, we let w € {v,7} be a place of K. The objective of this section is to study
the structure of Sel(K o, A). It follows from Corollary 5.4 that under the assumptions of Propo-
sition 5.1,

(6.1) Sel(Koo, A) = lim Sel(K,, A) = lingl(me, A).
We shall prove part (3) of Theorem A, which describes the structure of this A-module. We do

so via the theory of local universal norms a la Perrin-Riou [PR00] who studied modules over
cyclotomic towers analogous to the second direct limit in (6.1).

Lemma 6.1. There is a A-isomorphism

(@H&(Kn’w,fl)) :@H( n,ws )/LHf( Ko, T).

n

Proof. By local Tate duality, there is a perfect pairing

(=) st 1 (0 A) X Y (B, T) = o

As explained in [PR92, §2.1.8], (—, —) induces a perfect pairing
(lgH (o, )/h_rr;Hf%Kn,mA)) <l H (K, T) = §/0.

In other words, lﬂHtl( nw, A) and L H} (K nw, 1) are the annihilator of each other under
(—,—), from Wthh the lemma follows. O
Combined with the following theorem, Theorem A.(3) follows.

Theorem 6.2. Assume that (Tors.) holds.
i) The inverse limit @Hl(Kn)w, T) is free of rank two over A.

i) If f is non-ordinary at p, then @Hfl (Knw,T)=0.

iii) If f ordinary at p, then L ( s )/LHf( naws L) s free of rank one over A.

Proof. We first prove part i). By [PR92, Proposition 2.1.3 and 2.1.6] and Lemma 4.1, we see
that lim H Y(Kpw,T) is of A-rank 2 and isomorphic to Homa (Z, A) for some finitely generated
A-module Z. We contend that Homu (2, A) is a free A-module, which is enough to establish i).
Indeed, let A/ be the maximal torsion A-submodule of Z, then Homp (Z /A, A) = Homy (Z, A),
so we may assume Z is torsion-free over A. As Z is finitely generated, there exists a pseudo-null
A-module M such that

0= 2Z—=A%2 5 M—=0
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is exact. Taking Homy (—, A), we have the exact sequence 0 — Homp (A®?, A) — Hom(Z,A) —
Ext}(M,A). Thus, we are left to show Ext}(M,A) = 0; namely, any A-module extension
0—-A—J— M — 0 splits.

Since M is pseudo-null, there exists a non-zero element g € A that is an annihilator of M.
After multiplying by ¢g on the short exact sequence of 0 - A - J — M — 0 and applying
snake lemma, we have another exact sequence 0 — J9=9 — M — A/(g). Since A/(g) has no
pseudo-null submodule, we conclude that there is a canonical lifting M ~ J9=0 < J; hence, the
extension is trivial, which concludes the proof of part i).

We turn our attention to ii). In particular, we assume that f is non-ordinary at p. Let
Kcye,w be the cyclotomic Z,-extension of K, and write I'cyc = Gal(Kcye,w/Kw). Let Ao (Leye)
be the Q,-algebra of tempered distributions on I'cyc. Let K denote the compositum of Kcyc.q
and K, and let 6 denote the ring of integers of the completion of the maximal unramified
extension of §. Let

Licrk/2—1) t Hiy (K, T(k/2 = 1)) — 8[[Gal(K/ Keye,w)]| 8% (Teye) @ Deris(V(k/2 — 1))

denote the two-variable Perrin-Riou map defined in [LZ14]. After twisting by a power of the
cyclotomic character, this gives the following map:

LT : H11W(’C’T) - a[[Gal(’C/KcyC,w)Hééf%aoo(FCyC) @ Dexis (V).
As in [LZ24, Theorem A.2|, we may quotient out by the kernel of the projection map
o[[Gal(K/Kw)]] = of[Gal(Koo w/Kw)]],

resulting in

Ly Jm H (Kpw, T) = Ao © Deris(V),

n

oo, W

where 7, denotes the 8-algebra of tempered distributions on I'. Let « and 3 be the two
roots of X2 — a,(f)X + p*~1. For all z € Hm HY(Ky,0,T), we may write Lx__ , 7(z) =
Lo (2)va+Ls(2)vs, where vy is a p-eigenvector with eigenvalue p*/2=1 /), and Ly (z) is a tempered
distribution of order ord,(\) for A € {«, 3} (see [LZ14, Proposition 4.8]). In other words, it lies
inside 2 ® Deris(V), where . denotes the subset of % consisting of elements that are of
order r = max(ord,(a), ord,(5)).

If z € @Hfl(me,T), [LZ14, Theorem 4.15] implies that L, 7(z) is an element of the
following set:

A={g€ M @Deis(V) : g(x70) € K, @ ¢" FilV Deyis(V), () = 0,
for all finite characters 6 of I" and j < k/ 2}.

It follows from the calculations in [PRO0, §3] that when Vg, ~is irreducible, the set A = 0,
which in turn implies that z = 0 by Proposition 2.5.4 of op. cit.

We now prove iii). Since f is assumed to be ordinary at p, T'|q,  admits a one-dimensional
sub-representation 7" so that

HH(L',T)=HYL',T)

for any finite extension L’ of K, (see [PR92, Remark 2.3.4], which says that H{ (L', T) and
HY(L',T") agree up to torsion; Lemma 4.1 tells us that the torsion subgroups are trivial). Next,
we claim that the natural map lim Hl(Kn,w,T)/l'&nn HY KW, TY) — lim HY (K 0, T7) is
an isomorphism. By dualizing, this boils down to the exactness of the following sequence

0— H' (Koo uw, AT) = H' (Koo, A) = H (Koo, A7) — 0,
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which in turn is guaranteed by Lemma 4.1.(b) (note that by local duality, H?(Ks ., AT) =

3

H°(K oo, T7)V). Now, we may proceed as in the proof of i) to conclude that @n HY (K0, T

)

is free of rank one over A, again using Lemma 4.1.(b). O

APPENDIX A. GROWTH OF SELMER GROUPS: THE CASE OF a, =0

A.1. Summary of results. In this appendix, following the line of argument of Matar presented
in [Mat21la], we give an alternative proof of Theorem A for modular forms f with a,(f) = 0
utilizing the plus and minus Selmer groups. We will assume N~ = 1, although the results should
also hold under the generalized Heegner hypothesis, as the computations in §A.3 are not specific
to the case N~ =
We will keep the same notation from the main body of the article, with the following additions
e If R is an o-algebra, we write Ag = A®, R
e From the generalized Heegner classes zy 1 ,» [CH18, §4.4], where 1 denotes the trivial
character, we form

ay, = COI‘GSK[anrq/Kn (Zf,pn#»l) € Hl(Kn, T)

e For n > 1, we denote @, (X) = %, wn(X) = (X +1)P" —1,

oh(x) = 11 (X +1), @ (X)= 11 (X + 1),
2<i<n,i=0 mod 2 1<i<n,i=1 mod 2
and wi(X) = X0 (X).

Our main result is the following

Theorem B. Let f be a normalized cuspidal eigen-newform of even weight k = 2r > 2 and level
[o(N) with N > 5. Let K be an imaginary quadratic field with dx # —3,—4 in which every
prime divisor of N splits. Let p be a prime such that:

(i) p splits in K, and does not divide the class number hy .
(it") p12(k = DIN@(N).
(iii’) ap(f) =0.
(iv) For any w | N in K and any w' | w in Koo, pt AGKoc~w//(AGKw=w')div .
(V) zpx ¢ wH'(K,T), par # —p"*(p — Dag and paz # —p*~*aq.
(vi) Sel(K,A) ~§/o- 25 k.
(vii) p is unramified in §.
Then
(I) The Selmer modules Selt (K, A) and Sel™ (K, A), whose definitions are recalled in
§A.2./, are cofree of corank one over A.
(IT) For all n > 0, corank,(Sel(K,/A)) = p™
(IIT) The Shafarevich-Tate groups gk (K,, A) and IIx;5(K,, A) introduced in §3 coincide,
and are finite for all n > 0.
Suppose in addition that loc,(zf, k) ¢ wH{(K,,T), then we have

(IV) Sel(K, A)Y is free of rank 2 over A.
(V) IIas(K,, A) =0 for alln € Zx>o U {o0}.

Remark A.1. Some comments for the assumptions:

(1) We need the Fontaine-Laffaille condition p > k — 1 in (ii’) so as to construct a strongly
divisible lattice inside the crystalline Dieudonné module of V; this allows us to define
integral Coleman maps in §A.2.
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(2) In the supersingular setting, the assumption (iii) in Theorem A, as well as its consequence
Lemma 4.1.(a), is automatically valid (see Lemma A.3).

(3) Condition (v’) allows us to study Selmer groups explicitly by exploiting the Heegner
modules sitting inside, an approach also employed by [PR87, LV19b, Mat21a]. Note that
if k = 2, then the conditions on a4, ay are superfluous as ap = —2z¢ x ¢ pH' (K, T).

(4) Under the assumption zf j ¢ wH'(K,T) from (v’), we see that (vi) actually asserts that
zf i is a generator of Sel(K, A), namely, the map §/o — Sel(K, A) sending t to z¢ x @t
is an isomorphism.

(5) The additional assumption (vii) is required for our argument in §A.3, which guarantees
the irreducibility of cyclotomic polynomials ®,,(X).

A.1.1. Organization. This appendix is arranged as follows: In §A.2 we recall the definition of
plus/minus Selmer groups and establish some basic properties of them in parallel with those stud-
ied by Kobayashi [Kob03]. In §A.3, we adapt an argument of Matar to prove the nontorsionness
(Corollary A.14) and the lower bound of the corank of Sel(X,, A) (Proposition A.15). In §A.4,
we replicate Matar’s argument in our setting and establish the A-structures of Sel® (Keo, A)Y
and the upper bound of corank,(Sel(K,, A)). Combined with the study of generalized Heegner
modules, these are enough to deduce the finiteness of Shafarevich—Tate groups. Finally, assuming
loc,(2f,x) ¢ wHE (K, T), we borrow some results from §5 to deduce the rest of the theorem.

A.2. Review of plus/minus theory.

A.2.1. Setup. Throughout the appendix, we assume p { 2Np(N)(k — 1)!hk, p splits in K and
ap(f) = 0. We recall here Lei’s theory of plus/minus Coleman maps for modular forms [Leil0,
Leill]. As the Galois representation V is crystalline, we can form the corresponding Dieudonné
module D(V) = Deis(V), which is equipped with the decreasing de Rham filtration and the
semi-linear operator ¢. For i € Z, we write D*(V) for the i-th filtration of D(V). In addition,
since we have the Fontaine—Laffaille condition, i.e., p > k — 1, we have a strongly divisible lattice
D(T) c D(V) (see, e.g., [BK90, Theorem 4.3]). The lattice D(T') inherits a filtration from D(V),
and we use D'(T) to denote its i-th counterpart.

Throughout §A.2 we will fix w € {v,9}. As Ko /K, is a totally ramified Z,-extension of
K,, = Q,, we have the Perrin-Riou regulator as constructed in [Leil0, §2[:

Ly HY (Kow, T) = im H' (K0, T) — D(V) @ A,

where £, is the algebra of tempered distributions on I' ~ Gal(Ks /Ky), which we may
identify with the set of power series in F[[X]] that converge on the p-adic open unit disc {z €
C,: |z <1}

A.2.2. Coleman maps. As V has Hodge-Tate weights {r,1 — r}, where r = k/2, we see that

D(T), i< —r
DiT)={0-w, —-r<i<r-—I,
0, 1>

Here, w is a chosen generator of D°(T).
Lemma A.2. We have ¢(w)/p"~1 € D(T), and D(T) is freely spanned by w and ¢(w)/p" 1.

Proof. We argue in the same fashion as [LLZ17, Lemma 3.1]. The Fontaine-Laffaille condition
guarantees the following:

e o(w) € p"~ID(T) since w € D"~YT).

e There exists £ € D(T') such that D(T) = of & ow.
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o D(T)=0-p'"p(w) +p"(D(T)).
Let D be the o-submodule of D(T') spanned by w and ¢(w)/p"~*. The second and third properties
then implies € € D + 0 - p"p(€). Iterating, we find £ € D +p (D) + 0 - p*p%(€). As V = Vi(r),
we have 2 = —p~. So p"p(D) C 0-p"p(w) + ow C D, and thus £ € D + op*~'¢. This forces
ceD. O

Now, put v; = w,ve = ¢(w)/p"~!. Then under this basis, £ admits the following decompo-
sition for all z € H* (Koo, T) |Leil0, Definition 2.8]:

_ logi,c 0 Col™(2)
Lr(z) = [Ul UQ] [ 0 log;,€ Col™ (2)| "
Here,
e For ¢ € {£1},

log?, = H H q’n(’sz(?l + X))

1—-r<j<r—1

SRR

1
(—1)"=e

As shown by Pollack [Pol03, Lemma 4.1], both products converge in Q,[[X]].

e The Coleman maps, Col, are A-morphisms from HY (Koo, T*) to Az. By [BL17,
Proposition 2.20], it is known that the image of Col® is a finite-index submodule of some
free A-submodule of rank 1 inside Agz.

Next, we recall the following lemma that will be used throughout
Lemma A.3. We have A[w]%%w =0, and hence A%K.v = .

Proof. This follows from [LZ24, proof of Lemma 4.4], using Fontaine’s description [Edi92, The-
orem 2.6] of the local Galois representation at a non-ordinary prime p under the condition
p>k—2. O

Thanks to Lemma A.3, we have an identification
HY (K, A) = HY (Koo 15, AT
for all n € Z>(. By local Tate duality, we derive
H'(Kpw,T) = H (Koo, T)r,,
As such, we can define Qlolf to be Col™ modulo T',,, namely the induced map

ColE - HY (K, T) = Ag/wnlg.

A.2.3. Plus/minus local subgroups. We put
HY (Koo, T) = ker(Col®) ¢ HY (Koo, T),

and write H} (Kyw, A) C H'(Koow, A) for its orthogonal complement under the local Tate
pairing; put also

HY (K, A) = H (Koo, A
By local duality, we have
HY (K., A) = ker(ColE)*,

We recall the following description given in [Leil0, Proposition 3.3]; note that for m € Z>, the
restriction map H (K, A) = HY(Kpi1,w, A) is injective, by Lemma A.3.
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Lemma A.4. Let ¢ € {£1}. The local subgroup H} (K, v, A) coincides with
{z € Hf (Kypuw, A) Coresg,, /i (2) € HY (K0, A) for allm € Zsg,m < n, (=1)™ = a} )

Corollary A.5. The image of Qio[,iL is annihilated by wZ.

Proof. Let ¢ € {£1}. Since €ol}, is valued in Az, it suffices to show there exists ¢t € Z>q such that
p'ws annihilates im(€ol},). Or, by duality, any z € H!(K,, ., A) is killed by p‘ws. By Lemma
A4, we have

pt(n75)wi =X - TrKn/K(Z) = O’

where
n/2, if 2| n;
t(n,e) =4 (n+1)/2, if24nande=+1;
(n—1)/2, otherwise.

We will thus denote by Colf the composition

+
Col® : HY Ky, )~ Ag JuwnAs — Ag/wEAs,

where we identify Ag/w, ~ Ag/wE @ Agz/@T by Chinese remainder theorem and the second map
is projection.

Proposition A.6. We have ker(Col¥) = ker(ColE).

Proof. We will prove the plus part; the minus part can be handled similarly. By definition it
boils down to establishing the reverse inclusion ker(Col) C ker(€ol;"). Applying the Chinese
remainder theorem, we have F,G € Z,[[X]] and m € Z>( such that Fw; + G, = p™; note
that this forces G' to be prime to w; in Az. Now, suppose z € ker(Col;"). Then by Corollary
A5,

p™ - Colt(2) = Ga, - €olt(2).

So G(X)@; (X)€alf (2) = 0 € Az/wiAz. As Az is a unique factorization domain, this shows
Colf (2) € wif Ag, whereby p™ ol (2) = Ga, - €olf (2) =0 € Ag/w,Az. That is, z € ker(Col}).
|

Remark A.7. If we regard Col™ as valued in §[[T]], then from our construction, Col* = Hm Colf.
In particular this equality holds in Ag; ¢f., [Kob03, Definition 8.22].

A2.4. Selmer groups and their control theorems. For n € Zxy U {oo}, we define

H' (Kp o, A) HY(Kpy 0, A)
Seli(Kn,A) = ker Hl(Kn,A) N n,w, > n,wsy )
( wH|p Hi(Kpw, A) wH@ H} (K0, A)

As both Seli(Koo,A) are contained in Sel(K, A), they are cofinitely generated A-modules
[Gre89, Proposition 3|.

Remark A.8. From Lemma A.4, we see that
Sel (K, A) = Sel(K, A).

Next, we consider a special case of the control theorem of Ponsinet [Pon20, Lemma 2.3]:
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Proposition A.9. Assume (Tama.). Forn >0, the map
Sel* (K, A) — Sel* (K, A)“»=°
is an isomorphism.

Proof. By Lemma A.3 the map is injective. For the surjectivity, the proof is more or less in the
same lines as those of Proposition 4.2, except that at w | p, one observes instead

HY(K, 0, A) . HY (Koo, A\
HY(Kpw,A) H} (Koo w, A)

is injective (cf., loc. cit.). d

Next, for n € Z>o U {00}, we define

HY (K, A)
1 _ n,W )
Sel! (K, A) = ker (sel(Kn,A) =11 D )

wlp

We first note the following
Lemma A.10. The intersection Sel™ (K, A) N Sel™ (K, A) equals Sel' (K, A).

Proof. We have Sel'(K,, A) C Sel™(K,,A) N Sel” (K,,A) by definition. Now suppose z €

Sel™ (K, A) N Sel™ (K, A). Then for w | p, we have loc,(z) € HY (Kpw, A) N HL (K, 0, A).

We claim that loc, (z) € H} (K, A). Otherwise, let t € Z>; be smallest such that loc,(z) €

Hi (K, A) \ Hy (Ki—1,0, A). As locy(2) € Hl ), 1 (Kpw, A), by Lemma A4, we have
Coresg, /i, (locy(x)) € HE(Ki—1 0, A).

Since

loc, (z) = — Coresg, /K, (locy (x)),

we find p"~tloc,(x) € HE(Ki—1w,A). However, as H (K;—1,A) is divisible (see [Gre01, proof
of Theorem 2.9]), we deduce that loc, () € Hf (K;—1, A), which is a contradiction. O

Lemma A.11. Assume (Tama.). For n € Zxq, the injection
Sel' (K, A) < Sel' (K, A)"
is an isomorphism.

Proof. The proof is similar to that of Proposition 4.2. In the snake diagram, at a place w | p we
use the identification

Hl(K’rl,wa A) _ Hl(KOO,uH A)Fn

Hf(Kw,A) — Hf(Kuw,A)

valid by Lemma A.3, to bound the kernel of the map on the product of local cohomology groups.
O

Below, for a A-module M and n € Z>(, we denote Mwn=wn =0 simply by M@=,

Corollary A.12. Assume (Tama.) and (Sel.). We have Corank(Sell(Kn,A)‘“:Tr:O) <1
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Proof. The proof is due to Matar [Mat21a, pp. 140-141], which we record here for completeness.
As ged(w;f,wy, ) = X in Qu[X], we have A(X), B(X) € Z,[X] and m € Z>¢ such that Aw; +
Bw, =p™X. It follows that

Coranko(Sell(Kn, A)wf:O) S coranko (Sell (K’m A)pm(’y—l):()) = Coranko (Se]l (Kn’ A)F)
By Lemma A.11, we conclude the last quantity is corank,(Sel' (K, A)), and thus is no greater
than corank,(Sel(K, A)), which is < 1 by (Sel.). O

A.3. Nontorsionness of X% via generalized Heegner modules. From now on we will
always assume that p is unramified in the local Hecke field §; this ensures that all the cyclotomic
polynomials ®,(X) are irreducible. For n € Z>q U {00}, denote X¥ = Sely(K,, A)". In this
section we modify an argument of Matar to prove both A-modules X% are nontorsion.

Recall we have assumed that a, = a,(f) =0, p 1 2N@(N)(k — 1)!hk and the weight of the
modular form to be k = 2r € 2-Zso. For n € Z>o U {co}, let ¥(K,,) C H{(K,,T) be the
image of the p-adic Abel-Jacobi map recalled in Definition 3.5. Since U(K,) is an o-submodule
of HY(K,,,T), we see that W(K,) is finite free over o since H!(K,,,T) is (using Lemma A.3 again
and the inclusion A9%n C A%Kn.w for w | p).

Next, let zf1,,n € H'(K[p"],T) be the generalized Heegner classes constructed by Castella—
Hsieh [CH18, §4.4], where K[p"] is the ring class field of K of conductor p™ and 1 the trivial
anticyclotomic character. Recall we write Coresgpij/x(2f,1,1) as zfx. For n € Zsq, denote
an = Coresgn+1)/k, (2f,1,pn+1) € V(Ky), which in fact belongs to Sel(K,,T) as explained in
§3. We have the following norm relations [LV19a, Lemma 4.1]

(H1) For n > 2, Coresg, /k, (o) = —p" 20y, _s.

(H2) Coresk, /i, 1 = —pF2(p — Vap.

(H3) og = —2pr_1Zf,K.

Throughout this section, we will assume the following linear non-incidence condition:
(Inc.) ag #0, pay # —p* 2 (p — Dag, pas # —p*2a

In particular, since in our setting H'(K,T)[p>°] = 0, ap # 0 if and only if 25 x # 0, which is
further equivalent to 2y x being nontorsion.

Define H,, C ¥(K,,) to be the o-span of a? for o ranging in Gal(K,, /K). If M is a o-module
write Mz = M ®, §. For n € Z, put ¢(n) = (—1)". We prove

Proposition A.13. Suppose (Inc.) holds. Then the §[Gal(K, /K)]-module H, 5 is isomorphic
to Ag/(wi™ (X)),

Proof. By the norm relations (H1) and (H2), we have
WEM(X) oy € Zyp(y — 1) - ap.

0-

As (y=1)ap = 0, we deduce that Ann(H,, 5) 2 (wfb(n)(X)) since the Ag-module H,, 5 is generated
by a,,. We now prove the reverse inclusion. For this, we choose a generator F' of Ann(H,, 3),
which exists as Ag is a principal ideal domain.

We shall prove the reverse inclusion by induction. The case n = 0 follows from the assumption
ag # 0. For n =1, we have wi(n) = w1(X) = XP — 1. Suppose F € Az is a proper divisor of wy,
then F' = X or F = ®;(X). In the former scenario, we find yay = ay, so

_pk—Q(p —Dag = CoreSKl/K(al) = paxy,

contravening our hypothesis. Next, suppose ®1(X)a; = 0, which, by the norm relation, is
equivalent to p*~2(p — 1)ap = 0. Again this is ruled out as ¥(K) is free over o and we assumed
ap # 0. Thus for n =1, we must have F = w(X).
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Now suppose we are done with n < ¢ for some t € Z>5. For n =t, first suppose for the sake
of contradiction that ®; { F. Then we have w;_1(X) - oy = 0, namely oy € HY (K, T) -t =
HY(K;_1,T) by Lemma A.3. Thus,

—p" 20y = Coresg, /i, , () = pay.
Taking corestrictions on both sides, we find

{Paz = —p*2ay, if t =0 mod 2,

pa; = —p*2(p — 1)ap, ift=1mod 2.

As both possibilities are excluded from our assumption, we conclude that ®; must divide F'.
Now, for any o € Gal(K,,/K), we have

0= (p"2F/®)(®:/p" %) (a]) = (0" 2 F/ @)y, _,.

Thus F/®, € Ann(H;_s5), which by inductive hypothesis implies that w{\") | F/®;. It follows
that wi" | F, as desired. O

Corollary A.14. Assume (Inc.). The A-modules XL are not torsion.

Proof. For n € Zxg, the norm relations imply that H,, ®,§/0 C Sel(—D" (K,, A). By Proposition

A.13 we have an identification H,, ®, /0 ~ (3/0)[X]/(wfl(n)). Thus X admits a surjective map
to o[X]/(w3,). Now, if X is A-torsion, then there exists F' € o[[X]] such that F annihilates
(Han ® F/0)V for all n € Z>. This forces wy, | F in Ag for all such n, which is impossible. For
the same reason, X is also nontorsion. O

Now, for n € Z>o we put H(K,) = ZogmgnHﬂh H(K,) = H(K,) ® /o, H(Kn>a(n) —
Hp @0 §/0 and H(K,) ") =H, | ®, §/o. By the norm relations, we have

v

Proposition A.15. Assume (Tama.), (Sel.) and (Inc.). For n € Z>q, we have rank, H(K,,)
p", whereby rank, U(K,) > p™.

Proof. The argument is due to Matar [Mat21a, proof of Theorem 4.2]. By (A.1), we have

rank, (H(K,,)) = corank,(H (K,))
= corank, (H(K,)") + corank, (H(K,) ™) — corank, (H(K,)* N H(K,)")
=p" + 1 — corank, (H(K,)" N H(K,)").

Here in the last equality we used Proposition A.13 and the identity deg(w;") +deg(w,, ) = p™ + 1.
As H(K,)® C Sel°(K,, A)*»=0 for ¢ € {41}, we have the inclusion

H(K,)" N H(K,)~ C Sel'(K,, A)*=".
As such, by Corollary A.12, we conclude that

rank,(H(K,)) >p"+1—-1=p"
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A 4. Proof of Theorem B.

Proposition A.16. Assume (Tama.), (Sel.) and (Inc.). The Selmer modules XL are free of
rank 1 over A.

Proof. By Proposition A.9, we find
XL /(v — 1)XE ~ Sel*(K,A)Y ~o,
where the last identity is by assumption (Sel.). As recalled in §A.2.4, both XL are finitely gen-

erated A-modules. So Nakayama’s lemma shows that both XL are cyclic A-modules. Corollary
A.14 then forces both to be free. |

Next, we record the following analogue to [Kob03, Proposition 10.1].
Lemma A.17. Letn € Z>o. Let j be the map
o Sel™ (K, A)*+=0 @ Sel ™ (K, A)“n — Sel(K,, A)

induced from the inclusions Sel*(K,, A) — Sel(K,,A), sending (P, Py) to P, + P,. Then
lm(j) 2 Sel(Kn, A)div-

Proof. The proof loc. cit. in fact can be carried verbatim to our situation: Let F,G € Zp[[X]]
and m € Z>g be such that Fw;" + Go,, = p™. If P € Sel(K,,, A)4iv, choose Q € Sel(K,,, A) such
that p™Q = P. Then P+ = G&;, - Q € Sel™ (K, A,)*+ =" and P~ = Fw; - Q € Sel™ (K, A,)*» =0
are such that P* + P~ = P. O

Proof of Theorem B, part 1. We have proved (I) in Proposition A.16. For (IT), note that we have
already the lower bound from Proposition A.15. To establish the upper bound, we recycle the
following computation of Matar [Mat21a]:

corank, (Sel(K,, A)) = corank, (Sel™ (K, A)“’I:O) + corank, (Sel ™ (K, A)*» =)
— corank, (Sel ™ (K, A)“izo N Sel™ (K, A)“» =)
= rank, (X /wl X)) + rank, (XL /w, XL) — corank, (Sel' (K, A)“’fzo)
= rank, (A/w;) + rank, (A/w, ) — 1
= pn.
Here, the first equality uses Lemma A.17, the second uses Lemma A.10, the third uses Proposition
A.16 and the inclusion §/o ~ Sel(K, A) — Sell(KmA)‘“f:O.
Concerning (III): Note that Proposition A.15 already shows that corank, (V(K,)®,§/0) > p™.
As U(K,) ®, §/o C Sel(K,, A), their divisible parts must coincide, whereby IITz;(K,,A) =

Mpk (K, A). As Ik (K,, A) is defined as the quotient Sel(K,,, A)/Sel(K,, A)aiv and thus is
cofinitely generated over o, we see that it is finite. ]

Proof of Theorem B, part 2. We now prove (IV) and (V) with the aid of results from §5. First
note that (V) is immediate from Corollary 5.4.(2) and (III). Concerning (IV): From Remark
5.2.(ii) we have Sel(Ko, A)T C Sel®? (K, A) ~ (§/0)®2. Hence, by Nakayama we have Xso ~
A?/a for some A-submodule a C A%. Now, dualizing the exact sequence

0 — Lim Sel (K, A)“7 =0 — lim Sel ™ (K, A)*4 =" & lim Sel ™ (K, A)*» =0 = Sel( Koo, A),
we find a map X, — A®? with cokernel isomorphic to a certain projective limit of o-modules of

ranks bounded by 1 by Corollary A.12. This forces X, to have A-rank at least 2 and thus a =0
(otherwise X5 has a nontrivial annihilator), which gives (IV). O



24

[AL70]
[AW67]

[BCK21]
[BDP13)
[Bes97]
[BK90]
[BL17]
[BL21]
[Brall]
[Carg6]
[Cas17]
[CH18]
[Del71]
[DR21]
[Edio2]
[EAVP18|
[Gre89]
[Gre99]
[Gre01]

[Gro91]

[HB15]
[HL23]
[JLZ21]
[Kat04]

[KO20]

[Kob03]
[Kol90]

[Leil0]

A. LEI, L. MASTELLA, AND L. ZHAO

REFERENCES

A. O. L. Atkin and J. Lehner, Hecke operators on I'g(m), Math. Ann. 185 (1970), 134-160.

M. F. Atiyah and C. T. C. Wall, Cohomology of groups, Algebraic Number Theory (Proc. Instructional
Conlf., Brighton, 1965), Academic Press, London, 1967, pp. 94-115.

Ashay Burungale, Francesc Castella, and Chan-Ho Kim, A proof of Perrin-Riou’s Heegner point main
congecture, Algebra Number Theory 15 (2021), no. 7, 1627-1653.

Massimo Bertolini, Henri Darmon, and Kartik Prasanna, Generalized Heegner cycles and p-adic Rankin
L-series, Duke Math. J. 162 (2013), no. 6, 1033-1148, With an appendix by Brian Conrad.

Amnon Besser, On the finiteness of 111 for motives associated to modular forms, Doc. Math. 2 (1997),
31-46.

Spencer Bloch and Kazuya Kato, L-functions and Tamagawa numbers of motives, The Grothendieck
Festschrift, Vol. I, Progr. Math., vol. 86, Birkhauser Boston, Boston, MA, 1990, pp. 333-400.

Kazim Biiytikboduk and Antonio Lei, Integral Iwasawa theory of Galois representations for non-
ordinary primes, Math. Z. 286 (2017), no. 1-2, 361-398.

, Twasawa theory of elliptic modular forms over imaginary quadratic fields at non-ordinary
primes, Int. Math. Res. Not. IMRN (2021), no. 14, 10654-10730.

Miljan Brakocevié¢, Anticyclotomic p-adic L-function of central critical Rankin-Selberg L-value, Int.
Math. Res. Not. IMRN (2011), no. 21, 4967-5018.

Henri Carayol, Sur les représentations l-adiques associées aux formes modulaires de Hilbert, Ann. Sci.
Ecole Norm. Sup. (4) 19 (1986), no. 3, 409-468.

Francesc Castella, p-adic heights of Heegner points and Beilinson-Flach classes, J. Lond. Math. Soc.
(2) 96 (2017), no. 1, 156-180.

Francesc Castella and Ming-Lun Hsieh, Heegner cycles and p-adic L-functions, Math. Ann. 370 (2018),
no. 1-2, 567-628.

Pierre Deligne, Formes modulaires et représentations l-adiques, Séminaire Bourbaki. Vol. 1968/69:
Exposés 347-363, Lecture Notes in Math., vol. 175, Springer, Berlin, 1971, pp. Exp. No. 355, 139-172.
Cédric Dion and Jishnu Ray, On the Mordell-Weil ranks of supersingular abelian varieties over Zf,-
extensions, 2021, preprint, arXiv:2112.00280.

Bas Edixhoven, The weight in Serre’s conjectures on modular forms, Invent. Math. 109 (1992), no. 3,
563-594.

Yara Elias and Carlos de Vera-Piquero, CM cycles on Kuga-Sato varieties over Shimura curves and
Selmer groups, Forum Math. 30 (2018), no. 2, 321-346.

Ralph Greenberg, Iwasawa theory for p-adic representations, Algebraic number theory, Adv. Stud.
Pure Math., vol. 17, Academic Press, Boston, MA, 1989, pp. 97-137.

, Twasawa theory for elliptic curves, Arithmetic theory of elliptic curves (Cetraro, 1997), Lecture
Notes in Math., vol. 1716, Springer, Berlin, 1999, pp. 51-144.

, Introduction to Iwasawa theory for elliptic curves, Arithmetic algebraic geometry (Park City,
UT, 1999), IAS/Park City Math. Ser., vol. 9, Amer. Math. Soc., Providence, RI, 2001, pp. 407-464.
Benedict H. Gross, Kolyvagin’s work on modular elliptic curves, L-functions and arithmetic (Durham,
1989), London Math. Soc. Lecture Note Ser., vol. 153, Cambridge Univ. Press, Cambridge, 1991,
pp. 235-256.

Ernest Hunter Brooks, Shimura curves and special values of p-adic L-functions, Int. Math. Res. Not.
IMRN (2015), no. 12, 4177-4241.

Jeffrey Hatley and Antonio Lei, The vanishing of anticyclotomic p-invariants for non-ordinary modular
forms, C. R. Math. Acad. Sci. Paris 361 (2023), 65-72.

Dimitar Jetchev, David Loeffler, and Sarah Livia Zerbes, Heegner points in Coleman families, Proc.
Lond. Math. Soc. (3) 122 (2021), no. 1, 124-152.

Kazuya Kato, p-adic Hodge theory and values of zeta functions of modular forms, no. 295, 2004,
Cohomologies p-adiques et applications arithmétiques. 111, pp. ix, 117-290. MR 2104361

Shinichi Kobayashi and Kazuto Ota, Anticyclotomic main conjecture for modular forms and integral
Perrin-Riou twists, Development of Iwasawa theory—the centennial of K. Iwasawa’s birth, Adv. Stud.
Pure Math., vol. 86, Math. Soc. Japan, Tokyo, [2020] (©)2020, pp. 537-594.

Shin-ichi Kobayashi, Iwasawa theory for elliptic curves at supersingular primes, Invent. Math. 152
(2003), no. 1, 1-36.

V. A. Kolyvagin, Fuler systems, The Grothendieck Festschrift, Vol. II, Progr. Math., vol. 87, Birkhauser
Boston, Boston, MA, 1990, pp. 435-483.

Antonio Lei, Coleman maps for modular forms at supersingular primes over Lubin-Tate extensions,
J. Number Theory 130 (2010), no. 10, 2293-2307.




[Leill]

[LLM23]

[LLZ17]

[LMX24]
[LV19a)
[LV19b]
[Lv21]
[Lv23]
[LZ14]
[LZ24]
[Mag22]
[Mas23]
[Mat21a]
[Mat21b]
[MN19]
[Nek92]
[Pol03]

[Pon20]
[PR8T]

[PRO2]
[PROO]

[Rib77]
[Rib85]
[Sil09]

[Spr12|
[Swe24]

[Was97)

SELMER GROUPS OVER ANTICYCLOTOMIC TOWERS 25

, Twasawa theory for modular forms at supersingular primes, Compos. Math. 147 (2011), no. 3,
803-838.

Antonio Lei, Meng Fai Lim, and Katharina Miiller, Asymptotic formula for Tate-Shafarevich groups
of p-supersingular elliptic curves over anticyclotomic extensions, Adv. Math. 434 (2023), Paper No.
109320, 28.

Antonio Lei, David Loeffler, and Sarah Livia Zerbes, On the asymptotic growth of Bloch-Kato-
Shafarevich-Tate groups of modular forms over cyclotomic extensions, Canad. J. Math. 69 (2017),
no. 4, 826-850.

Antonio Lei, Katharina Miiller, and Jiacheng Xia, On the Iwasawa invariants of BDP Selmer groups
and BDP p-adic L-functions, Forum Math. 36 (2024), no. 1, 153-172.

Matteo Longo and Stefano Vigni, Kolyvagin systems and Iwasawa theory of generalized Heegner cycles,
Kyoto J. Math. 59 (2019), no. 3, 717-746.

, Plus/minus Heegner points and Iwasawa theory of elliptic curves at supersingular primes,
Boll. Unione Mat. Ital. 12 (2019), no. 3, 315-347.

, On Bloch-Kato Selmer groups and Iwasawa theory of p-adic Galois representations, New York
J. Math. 27 (2021), 437-467.

Matteo Longo and Stefano Vigni, The Tamagawa number conjecture and Kolyvagin's conjecture for
motives of modular forms, 2023.

David Loeffler and Sarah Livia Zerbes, Twasawa theory and p-adic L-functions over Zg-extensions,
Int. J. Number Theory 10 (2014), no. 8, 2045-2095.

Antonio Lei and Luochen Zhao, On the BDP Iwasawa main conjecture for modular forms, Manuscripta
Math. 173 (2024), no. 3-4, 867-888.

Paola Magrone, Generalized Heegner cycles and p-adic L-functions in a quaternionic setting, Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5) 23 (2022), no. 4, 1807-1870.

Luca Mastella, Vanishing of the p-part of the Shafarevich—Tate group of a modular form and its
consequences for anticyclotomic Iwasawa theory, 2023, Preprint, arxiv:2307.13134v1.

Ahmed Matar, Kolyvagin’s work and anticyclotomic tower fields: the supersingular case, Acta Arith.
201 (2021), no. 2, 131-147.

, Plus/minus Selmer groups and anticyclotomic Zy-extensions, Res. Number Theory 7 (2021),
no. 3, Paper No. 43, 22.

Ahmed Matar and Jan Nekova¥, Kolyvagin’s result on the vanishing of III(E/K)[p®°] and its conse-
quences for anticyclotomic Iwasawa theory, J. Théor. Nombres Bordeaux 31 (2019), no. 2, 455-501.
Jan Nekovar, Kolyvagin’s method for Chow groups of Kuga-Sato varieties, Invent. Math. 107 (1992),
no. 1, 99-125.

Robert Pollack, On the p-adic L-function of a modular form at a supersingular prime, Duke Math. J.
118 (2003), no. 3, 523-558. MR 1983040

Gautier Ponsinet, On the structure of signed Selmer groups, Math. Z. 294 (2020), no. 3-4, 1635-1658.
Bernadette Perrin-Riou, Fonctions L p-adiques, théorie d’lwasawa et points de Heegner, Bull. Soc.
Math. France 115 (1987), no. 4, 399-456.

, Théorie d’Iwasawa et hauteurs p-adiques, Invent. Math. 109 (1992), no. 1, 137-185.

, Représentations p-adiques et mormes universelles. I. Le cas cristallin, J. Amer. Math. Soc.
13 (2000), no. 3, 533-551.

Kenneth A. Ribet, Galois representations attached to eigenforms with Nebentypus, Modular functions
of one variable, V (Proc. Second Internat. Conf., Univ. Bonn, Bonn, 1976), Lecture Notes in Math.,
Vol. 601, Springer, Berlin-New York, 1977, pp. 17-51.

, On l-adic representations attached to modular forms. II, Glasgow Math. J. 27 (1985), 185-194.
Joseph H. Silverman, The arithmetic of elliptic curves, second ed., Graduate Texts in Mathematics,
vol. 106, Springer, Dordrecht, 2009.

Florian E. Ito Sprung, Iwasawa theory for elliptic curves at supersingular primes: a pair of main
congectures, J. Number Theory 132 (2012), no. 7, 1483-1506.

Naomi Sweeting, Kolyvagin’s conjecture and patched Euler systems in anticyclotomic Iwasawa theory,
Preprint, arXiv:2012.11771, 2024.

Lawrence C. Washington, Galois cohomology, Modular forms and Fermat’s last theorem (Boston, MA,
1995), Springer, New York, 1997, pp. 101-120.



https://scholar.harvard.edu/sites/scholar.harvard.edu/files/naomisweeting/files/kolyvagin.pdf

26 A. LEI, L. MASTELLA, AND L. ZHAO

(Lei) DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF OTTAWA, 150 Louis-PasTEUR Pvr,
OTTtawa, ON, Canapa KI1IN 6N5

Email address: antonio.lei@uottawa.ca

(Mastella) DIPARTIMENTO DI MATEMATICA, UNIVERSITA DEGLI STUDI DI GENOVA VIiA DODECANEsO 35,
16146, GENoOvA, ITALY

Email address: luca.mastella@dima.unige.it

(Zhao) MoRNINGSIDE CENTER OF MATHEMATICS, N0.55 ZHONGGUANCUN EasT Roap, BEwuing, 100190,
CHINA

Email address: 1luochenzhao®@amss.ac.cn



	1. Introduction
	1.1. Setting and notation
	1.2. Background
	1.3. Main result
	1.4. Strategy of proof
	1.5. Obiter dictum
	1.6. Acknowledgement

	2. Selmer groups
	3. Review of generalized Heegner cycles
	4. Control theorem
	5. Vanishing of SelBDP and its consequences
	6. Results on universal norms
	Appendix A. Growth of Selmer groups: the case of ap=0
	A.1. Summary of results
	A.2. Review of plus/minus theory
	A.3. Nontorsionness of X via generalized Heegner modules
	A.4. Proof of Theorem B

	References

