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Abstract. Let p be an odd prime number and let K be an imaginary quadratic field in
which p is split. Let f be a modular form with good reduction at p. We study the variation
of the Bloch–Kato Selmer groups and the Bloch–Kato–Shafarevich–Tate groups of f over the
anticyclotomic Zp-extension K∞ of K. In particular, we show that under the generalized
Heegner hypothesis, if the p-localization of the generalized Heegner cycle attached to f is
primitive and certain local conditions hold, then the Pontryagin dual of the Selmer group of
f over K∞ is free over the Iwasawa algebra. Consequently, the Bloch–Kato–Shafarevich–Tate
groups of f vanish. This generalizes earlier works of Matar and Matar–Nekovář on elliptic
curves. Furthermore, our proof applies uniformly to the ordinary and non-ordinary settings.

1. Introduction

1.1. Setting and notation. Fix once and for all a prime number p > 2, an algebraic closure
Q of Q and Qp of Qp, and an embedding ιp : Q ↪→ Qp. Let N ≥ 1 be an integer and f =∑
n>0 an(f)q

n be a normalized cuspidal eigen-newform of even weight k ≥ 2 and level Γ0(N),
and let F = Qp (an(f) : n > 0) be the finite extension of Qp generated by the Fourier coefficients
of f under the embedding ιp; denote by o the ring of integers of F and fix a uniformizer ϖ of o.
Deligne [Del71] attached to f a p-adic representation

ρf : GQ −→ GL2(F)

that is unramified outside of pN . Denote by Vf the underlying vector space, and let V = Vf (k/2)
be its central critical twist. When p ∤ 2(k − 2)!Nφ(N), where φ(N) is Euler’s totient function,
Nekovář [Nek92, §3] constructed a lattice T ⊂ V that is endowed with a GQ-equivariant skew-
symmetric perfect pairing

T × T → o(1),

making T , and hence V , self-dual. That is, T ≃ Homo(T, o(1)) and V ≃ HomF(V,F(1)); cf.,
[Kat04, (14.10.1)]. We put A = V/T .

Let K be an imaginary quadratic field of discriminant dK ̸= −3,−4 coprime to Np. Write
N as the product N = N+N− with N+ (resp. N−) divisible only by primes that split (resp.
remain inert) in K. We assume that (K,N) satisfies the generalized Heegner hypothesis:

N− is a squarefree product of an even number of primes.(Heeg.)

Next, let K∞/K be the anticyclotomic Zp-extension of K, and Kn be the intermediate exten-
sion with Gal(Kn/K) ≃ Z/pnZ. We will assume p ∤ hK , so that both places above p in K are
totally ramified in K∞/K. By an abuse of notation, we will denote by v and v̄ the two places
above p in Kn for n ∈ Z≥0 ∪ {∞}. Put Γ = Gal(K∞/K) and Λ = o[[Γ]].
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Finally, if M is a Zp-module, we denote by M∨ its Pontryagin dual Hom(M,Qp/Zp), and by
Mdiv its maximal divisible subgroup.

1.2. Background. In this paper, we are interested in the anticyclotomic Iwasawa theory of
Selmer groups attached to the form f , assuming the ϖ-indivisibility of the associated generalized
Heegner class. We shall begin with a brief historical account which will provide some context to
our results to be stated below. We invite the intrigued reader to consult [MN19, §0] for a much
more detailed overview.

Our study of the Selmer groups is deeply rooted in Kolyvagin’s original breakthrough [Kol90],
where, under some assumptions, a bound of the Shafarevich–Tate group over K is given when
f corresponds to a rational non-CM elliptic curve E for which the Heegner point yK ∈ E(K) is
nontorsion. Gross [Gro91] subsequently gave a self-contained proof in the simplified setting when
yK /∈ pE(K), in which case the p-part of the Shafarevich–Tate group of E over K is trivial, and
hence Selp∞(E/K) coincides with E(K)⊗Qp/Zp, generated by yK .

Assuming furthermore that E has good ordinary reduction at p, the work of Matar–Nekovář
[MN19], among other things, put the result of Kolyvagin–Gross in the Iwasawa theoretic context,
and proved the vanishing of the p-primary Shafarevich–Tate groups of E in the anticyclotomic Zp-
tower. Furthermore, they studied the structure of Selp∞(E/Kn) and showed that the Pontryagin
dual of Selp∞(E/K∞) is a free Λ-module of rank one. When E has good supersingular reduction
at p, building on the work of Longo–Vigni [LV19b] and the plus/minus theory of Kobayashi
[Kob03], Matar [Mat21a, Mat21b] extended the results of [MN19] to show that the p-primary
Shafarevich–Tate groups of E in the anticyclotomic Zp-tower are once again trivial, whereas the
Pontryagin dual of Selp∞(E/K∞) is a free Λ-module of rank two.

Recently, the second-named author [Mas23] established the analogous result of Kolyvagin–
Gross in the higher weight case, with the Heegner point replaced by the generalized Heegner
class zf,K ∈ H1(K,T ) (the exact definition is recalled in §3). In this vein, our goal here is to
study the variation of Selmer groups of higher weight modular forms in the anticyclotomic tower.

1.3. Main result. We now state our main theorem, which corresponds to Proposition 5.1,
Corollary 5.4 and Theorem 6.2 in the main body of the article. Below, for a number field L,
Sel(L,A) denotes the usual Bloch–Kato Selmer group.

Theorem A. Let f be a normalized cuspidal eigen-newform of even weight k and level Γ0(N).
Let K be an imaginary quadratic field with coprime-to-Np discriminant dK ̸= −3,−4 and sat-
isfying (Heeg.). Assume moreover N ≥ 5 if N− = 1 and N+ > 3 if N− ̸= 1. Let p be a prime
such that:

(i) p splits in K, and does not divide the class number hK .
(ii) p ∤ 2(k − 2)!Nφ(N).
(iii) If f is weight-2 p-ordinary, then ap ̸≡ 1 (mod ϖ).
(iv) For any w | N in K and any w′ | w in K∞, p ∤

∣∣AGK∞,w′ /(A
GK∞,w′ )div

∣∣.
(v) The restricted class locv(zf,K) ∈ H1

f (Kv, T ) is not in ϖH1
f (Kv, T ).

(vi) Sel(K,A) = F/o · zf,K .
Then we have

(1) For n ∈ Z≥0 ∪ {∞}, the relaxed-strict (or BDP) Selmer group Sel∅,0(Kn, A) is trivial.
(2) For n ∈ Z≥0, Sel(Kn, A) ≃ (F/o)⊕p

n

.
(3) The Pontryagin dual Sel(K∞, A)

∨ is a free Λ-module of rank one (resp. two) if f is
ordinary (resp. non-ordinary) at p.

Remark 1.1. We now explain the raisons d’être of the hypotheses of Theorem A. The splitting
assumption (i) is inherent in our approach, namely the use of BDP Selmer groups in the study
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of usual Selmer groups; see §1.4 for more details. As mentioned earlier, condition (ii) originates
from Nekovář’s construction of the lattice T . Entry (iii) gives the triviality of A[ϖ]GK∞,w for
w | p, which ensures certain desirable properties of the local and global cohomology groups under
consideration (see Lemma 4.1). Condition (iv) is a higher-weight variant of the p-freeness of
Tamagawa numbers (cf. [Gre99, remark following Lemma 3.3]), and is needed for the exact control
theorem Proposition 4.2. The premises (v)-(vi) are key inputs of our proof of the vanishing of the
BDP Selmer groups. The local indivisibility statement (v) is analogous to the assumption that
the Heegner point yK of an elliptic curve E satisfies yK /∈ pE(Kv) in [Mat21a, Theorem 1.4].
Note that (v) implies zf,K /∈ ϖH1(K,T ), and thus if f does not have complex multiplication in
the sense of [Rib77, p. 34] and p is large enough, (vi) is true by a result of the second-named
author (see Theorem 3.1 and Remark 3.2).

Remark 1.2. As the reader will notice, our proof of Theorem A in §5 and §6 does not employ the
generalized Heegner class in an essential way. Rather, we rely on the existence of a cohomology
class z ∈ H1

f (K,T ) for which the conditions given by hypotheses (v) and (vi) above are met; note
that any two such classes z, z′ differ only by an element of o×. As such, when N− = 1, Theorem
A holds when zf,K is replaced by the classical Heegner class P (1) ∈ H1

f (K,T ) constructed by
Nekovář [Nek92], where the corresponding statement of (vi) is a result of Besser [Bes97, proof of
Theorem 1.2] under some assumptions on p (when N− ̸= 1, there is also a partial result in this
direction given in [EdVP18], where the bound of Shafarevich–Tate groups is not made explicit).
In this article, we settle for using the class zf,K , because

• Condition (vi) is known to be valid by the work of the second-named author under the
generalized Heegner hypothesis together with certain additional assumptions; see §3 for
an extensive discussion of this result.
• From the perspective of the BDP Iwasawa main conjecture, the vanishing of Sel∅,0(K∞, A)

is tied with zf,K being ϖ-indivisible in H1(K,T ), as explained in Remark 5.3. Therefore,
it is natural to choose zf,K as our “prima donna”.

1.4. Strategy of proof. Our proof can be regarded as a synthesis of two important philosophies:
that of Matar–Nekovář [MN19], whose insight is that precise information of Selmer modules
varying in the tower can be obtained from that at the bottom via purely Iwasawa-theoretical
methods; and that of Kobayashi–Ota [KO20], which emphasizes the utility of the BDP Selmer
groups that can be handled uniformly for both ordinary and non-ordinary primes, making them
remarkable surrogates to the usual Selmer groups whose behaviors are far more intricate.

More precisely, our proof of Theorem A proceeds as follows. First, in §5, we establish the van-
ishing of BDP, i.e., relaxed-strict, Selmer groups, under the assumption of local ϖ-indivisibility
of zf,K ; along the way, we review the control theorem for BDP Selmer groups in §4. The rest of
§5 then uses the vanishing to prove that the localizations Sel(Kn, A) → H1

f (Kw, A) are isomor-
phisms for n ∈ Z≥0 and w | p (the subscript f denotes the Bloch–Kato local condition, and is
recalled in §2). On the one hand, this gives the growth formula for Selmer groups. On the other,
it converts the study of Selmer groups to that of local cohomology groups, which we investigate
in §6 using the theory of universal norms from p-adic Hodge theory.

1.5. Obiter dictum. As an aside, in Appendix A, we present an alternative approach to results
similar to Theorem A in the special case where ap(f) = 0. This approach is modeled on that of
Matar [Mat21a], which is based on the study of the (generalized) Heegner modules and crucially
uses the plus/minus theory originally developed by Kobayashi in [Kob03] (and later extended to
modular forms in [Lei11, Lei10]). In this case, under some extra condition on the first and second
generalized Heegner classes, the corank growth formula can be proved by assuming the global ϖ-
indivisibility of zf,K (see Theorem B.(II)), which complements Theorem A. As part of the proof,
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we show that the Pontryagin duals of the plus and minus Selmer groups are free of rank one over
Λ, generalizing [Mat21a, Theorem 3.1]. When ap(f) ̸= 0, even though Sprung’s ♯/♭ theory [Spr12]
(and the higher weight generalization) is available in the anticyclotomic setting (see [BL21]), it
is not clear to the authors how to extend the proof of Theorem B to this generality. The main
obstacle is the lack of an explicit description of the ♯/♭ Selmer groups over finite extensions Kn.
Such description plays a crucial role in the proof of Theorem B.

1.6. Acknowledgement. We thank Ming-Lun Hsieh for very helpful discussions regarding
[CH18] and Lemma 4.3. We are also grateful to Gautier Ponsinet for answering our questions
about [Pon20]. Thanks are also due to Kâzım Büyükboduk, Chan-Ho Kim and Stefano Vigni for
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spearheading the work on the appendix. LM thanks his coauthors for having pointed out many
improvements and simplifications on his work. LZ is grateful to Meng Fai Lim for pointing out
to him the paper [Mas23] that led to this project, and to AL for continuously sharing valuable
advice on becoming a better mathematician. He also thanks Xin Wan and the Morningside
Center of Mathematics (MCM) for their generous support and warm hospitality during his visit.
AL’s research is supported by the NSERC Discovery Grants Program RGPIN-2020-04259 and
RGPAS-2020-00096. LM is partially supported by PRIN 2022 The arithmetic of motives and
L-functions. LZ is supported in part by the European Research Council (ERC, CurveArithmetic,
101078157), and his visit to MCM is supported by Xin Wan’s National Key R&D Program of
China grant 2020YFA0712600 and NSFC grant 12288201.

2. Selmer groups

From now on, we will always assume that p splits in K and p ∤ 2(k − 2)!Nφ(N)hK .
In this section, we introduce the various notions of Selmer groups that will be utilized through-

out the paper. Let S = {ℓ : ℓ | N} and for any finite extension E/K, let SE denote the set of
primes of E above those of S. For n ∈ Z≥0 ∪{∞} we also use the shorthand Sn in place of SKn

.
Write Σ = S ∪ {p,∞}, ΣE = SE ∪ {w | p∞} and let EΣ be the maximal unramified extension of
E unramified outside ΣE .

Recall that for any place w of E the Bloch–Kato finite local condition f on V is defined as

H1
f (Ew, V ) =

{
ker
(
H1(Ew, V )→ H1(Ew, V ⊗Bcris)

)
if w | p;

ker
(
H1(Ew, V )→ H1(Iw, V )

)
if w ∤ p,

where Iw ⊂ GEw
is the inertia subgroup at w and Bcris is Fontaine’s ring of cristalline periods.

This defines also local subgroups H1
f (Ew, A) ⊆ H1(Ew, A) and H1

f (Ew, T ) ⊆ H1(Ew, T ) taking
respectively its image and preimage via the morphisms induced by the natural projection V ↠ A
and inclusion T ⊂ V .

For M = T, V,A the Bloch-Kato Selmer group is defined as

Sel(E,M) = ker

(
H1(EΣ,M)→

∏
w∈ΣE

w∤∞

H1(Ew,M)

H1
f (Ew,M)

)
.

Note that the infinite places are ignored since p > 2. For E = Kn we will consider additional
Selmer groups by varying the local conditions at places dividing p. Thus for w ∈ {v, v̄} a place
of Kn we introduce:

• The relaxed condition ∅ defined by

H1
∅ (Kn,w, A) = H1(Kn,w, A).
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• The strict condition 0 defined by

H1
0 (Kn,w, A) = 0 ⊆ H1(Kn,w, A).

We define for ⋆, • ∈ {f , 0, ∅}, the (⋆, •)-Selmer group of A as

Sel⋆,•(Kn, A) = ker

(
H1(Kn,Σ, A)→

∏
w∈Sn

H1(Kn,w, A)

H1
f (Kn,w, A)

× H1(Kn,v, A)

H1
⋆ (Kn,v, A)

× H1(Kn,v̄, A)

H1
• (Kn,v̄, A)

)
.

Note that Self ,f (Kn, A) = Sel(Kn, A). In addition, we put Sel⋆,•(K∞, A) = lim−→
n

Sel⋆,•(Kn, A).

We will call Sel∅,0(Kn, A) the BDP-Selmer group of A and will denote it by SelBDP(Kn, A), its
name derived from its link with the p-adic L-function of Bertolini–Darmon–Prasanna [BDP13]
and Brakočević [Bra11] via the corresponding Iwasawa main conjecture; see [Cas17, Theorem 3.4],
[KO20, Theorem 1.5] and [LZ24, Theorem A], as well as our discussion in Remark 5.3 below.

Occasionally, we shall also consider compact Selmer groups over Kn:

Sel⋆,•(Kn, T ) = lim←−
m

Sel⋆,•(Kn, A)[p
m].

3. Review of generalized Heegner cycles

In what follows, we work with a distinguished set of cohomology classes zf,c ∈ Sel(K[c], T ),
where K[c] denotes the ring class field of K of conductor c ∈ Z>0. Throughout this section,
we shall assume k > 2 when N− ̸= 1, as this is the setting of [Mag22], where such classes are
constructed in the quaternionic case.

In the case N− = 1, we define zf,c ∈ H1(K[c], T ) to be the class zf,χ,c of [CH18, (4.6)] for
χ the trivial character. These classes are the image of (a subclass of) the generalized Heegner
cycles of [BDP13] via a suitable étale Abel–Jacobi map (see [CH18, §4.2, 4.4] and [Mas23, §3.3])

AJK[c] : CHk−1(Xk−2/K[c])0 ⊗ o→ H1(K[c], T ).

Here, Xk−2 is the so called generalized Kuga–Sato variety, namely the product over the modular
curve X1(N) of the Kuga–Sato variety Wk−2 and (k− 2)-copies of a CM elliptic curve A defined
over K[1]. As explained in [CH18, Remark 4.8], the image of AJK[c] is contained in Sel(K[c], T ),
so in particular zf,c ∈ Sel(K[c], T ).

When N− ̸= 1, we can define such classes in a similar way, after replacing Wk−2 with the
Kuga–Sato variety defined over a (quaternionic) Shimura curve and A with a false elliptic curve
with CM by OK . This construction is carried out in [HB15] and [Mag22]. We write zf,c for the
class zχ,c of [Mag22, (5.2)] with χ taken to be the trivial character. We shall abuse the notation
and use the same letters AJK[c] to denote the étale Abel–Jacobi map of [Mag22, §5.8-5.9]; again
its image is contained in Sel(K[c], T ) and in particular zf,c ∈ Sel(K[c], T ) as noted in [Mag22,
proof of Proposition 7.9].

In both cases, we let
zf,K = CoresK[1]/K(zf,1) ∈ Sel(K,T ).

The classes zf,c satisfy certain norm relations as c varies, forming an (anticyclotomic) Euler
system (see [CH18, Proposition 7.4] for the case N− = 1, [Mag22, Proposition 7.9] for the case
N− ̸= 1). Let K be the set of square-free integers n that are products of primes ℓ ∤ 2pN that
are inert in K. For any n = mℓ ∈ K , with ℓ prime, we have

(E1) CoresK[n]/K[m](zf,n) = aℓzf,m;
(E2) locℓ(zf,n) = ResK[m]λ/K[n]λ(Frobλ · locλ(zf,m));
(E3) τ · zf,n = wf (σ · zf,n),
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where λ denotes the unique prime of K above ℓ, locλ : H
1(K[n], T ) → H1(K[n]λ, T ) is the

localization at a prime λn of K[n] over λ, which we choose such that λn | λn+1 for all n ∈ Z≥0,
Frobℓ is the Frobenius element at ℓ, τ denotes the complex conjugation, wf ∈ {±1} is the
eigenvalue of f with respect to the Atkin–Lehner involution and σ ∈ Gal(K[n]/K) is the image
of N̄ via the Artin map.

In particular, using these properties, Castella–Hsieh and Magrone (see [CH18, Theorem 7.7]
and [Mag22, Theorem 7.11]) showed that if zf,K is not o-torsion, then Sel(K,V ) = Fzf,K . The
second-named author of the present article improved this result in the case N− = 1, k > 2, p ̸= 3
and f is p-ordinary under certain assumptions on p in [Mas23, Theorem 0.2]. The following
theorem is a slight extension of loc. cit. Note that the p-ordinary condition and the condition
k > 2 are not used in the proof therein. Moreover, the exclusion of p = 3 ensured the validity of
Lemma 4.5 ibid. (as explained in Remark 4.4 ibid.), for which we will provide a different proof
below (see Lemma 3.4).

Theorem 3.1. Let p be a prime such that

• p ∤ 2Nφ(N)(k − 2)!;
• p is unramified in F;
• ρf has big image, i.e., its image contains the set of matrices{

g ∈ GL2(o) : det g ∈ (Z×
p )

k−1
}
.

If zf,K is not o-torsion and is not divisible by p as an element of Sel(K,T ), then

Sel(K,A) = (F/o)zf,K .

Remark 3.2. Our assumption on the big image implies that f is non-CM for the following
reason. As discussed in [Rib85, first paragraph of p. 186], if f were a CM form, Lie(ρf ) could be
identified with L⊗Qp, where L is the field of “complex multiplication” of f [Rib77, p. 34, Remark
1]. However, the big image condition implies that this Lie algebra should contain sl2(F), which
is a contradiction. Consequently, [Rib85, discussion at the end of §3] tells us that Theorem 3.1
applies to all but finitely many p.

Proof of Theorem 3.1. The proof follows the same line of the argument of [Mas23, Theorem 0.2].
We give a brief summary here for the convenience of the reader and explain why the condition
N− = 1 and the p-ordinarity of f are not necessary. Let M ≥ 1 be an integer and write KM for
the set of square-free products of prime numbers ℓ such that

(1) ℓ ∤ NpdK ;
(2) ℓ inert in K;
(3) pM | aℓ, ℓ+ 1;
(4) pM+1 ∤ ℓ+ 1± aℓ.

Applying the Kolyvagin derivative operator to the classes zf,n, we may construct as in [Mas23,
§4.2] a family of classes P (n) ∈ H1(K,A[pM ]), n ∈ KM and show that the properties (E1)-(E3)
and the inclusion zf,n ∈ Sel(K[n], T ) imply that [Bes97, Proposition 3.2] applies to our current
setting. In other words, for any n ∈ KM , we have:

(1) P (n) belongs to the ϵn-eigenspace of the complex conjugation acting on H1(K,A[pM ]),
where ϵn = (−1)ω(n)wf ∈ {±1 } (here, ω(n) denotes the number of prime factors of n);

(2) for any v ∤ Nn, locv(P (n)) ∈ H1
f (Kv, A[p

M ]);
(3) if n = m · ℓ, there is an isomorphism H1

f (Kλ, A[p
M ]) ∼= H1

s (Kλ, A[p
M ]), where H1

s =
H1/H1

f is the singular quotient, such that locλP (m) corresponds to [locλP (n)]s (the
image of locλP (n) in H1

s (Kλ, A[p
M ])).
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The fact that the classes P (n) satisfy properties (1)-(3) and our assumptions on p are the input of
[Bes97, §6] (where again f is not assumed to be ordinary at p). We can therefore apply verbatim
the results therein. In particular, the quotient

Sel(K,A)/(F/o)zf,K

is annihilated by p2Ip , where Ip denotes the smallest non-negative integer such that zf,K is
non-zero in H1(K,A[pIp ]). In particular, if zf,K is not divisible by p, we have

Sel(K,A) = (F/o)zf,K . □

We discuss consequences of Theorem 3.1 on Shafarevich–Tate groups.

Definition 3.3. Let E/K be a finite extension of fields. We define the Bloch–Kato–Shafarevich–
Tate group of f over E as

XBK(E,A) =
Sel(E,A)

Sel(E,A)div
.

Similar to [Nek92], it is possible to define another type of Shafarevich–Tate groups via the
Abel–Jacobi map. This definition facilitates the use of generalized Heegner cycles in the study
of Shafarevich–Tate groups, which we will do in the appendix of the article.

Lemma 3.4. The restriction maps

ResK[1]/K : Sel(K,T )→ Sel(K[1], T )Gal(K[1]/K)

ResK[pn+1]/Kn
: Sel(Kn, T )→ Sel(K[pn+1], T )Gal(K[pn+1]/Kn), n ≥ 1

are isomorphisms.

Proof. By the inflation-restriction sequence the kernel and cokernel are subquotients of

Hi(Gal(K[pn+1]/Kn), H
0(K[pn+1], T ))

for i = 1, 2 respectively. Under our running assumption p ∤ hK , we have p ∤ #Gal(K[pn+1]/Kn) =
hK(p−1), and thusHi(Gal(K[pn+1]/Kn), H

0(K[pn+1], T )) = 0 for all i ∈ Z>0 asH0(K[pn+1], T )
is pro-p, using [AW67, Corollary 6.1]. □

Definition 3.5. We define the ‘modified’ image of the Abel–Jacobi map

Ψ(K) = Res−1
K[1]/K

(
(imAJK[1])

Gal(K[1]/K)
)
⊆ Sel(K,T )

and for any n ≥ 1,

Ψ(Kn) = Res−1
K[pn+1]/Kn

(
(imAJK[pn+1])

Gal(K[pn+1]/Kn)
)
⊆ Sel(Kn, T ).

The Abel–Jacobi–Shafarevich–Tate group of f over Kn, for n ≥ 0, is defined as

XAJ(Kn, A) =
Sel(Kn, A)

Ψ(Kn)⊗o F/o
.

The reader is refered to [Mas23, Definitions 3.7 and 5.19], where Ψ is denoted by Λ̃p and XAJ

by X̃p∞ , for further details.
Note that Ψ(Kn) ⊗ F/o ⊆ Sel(Kn, A)div, by the commutativity of the following diagram for

n ≥ 0

Ψ(Kn)⊗ F Sel(Kn, V )

Ψ(Kn)⊗ (F/o) Sel(Kn, A).
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Hence, there is a projection
XAJ(Kn, A) ↠ XBK(Kn, A).

As far as the authors are aware, it is not known whether this map is an isomorphism in general.
However, under an additional assumption on zf,K , we may prove the following result, which is
analogous to [LV23, Proposition 4.20] (see also Remark 3.8).

Proposition 3.6. Suppose that zf,K is not o-torsion. Then, XAJ(K,A) = XBK(K,A).

Proof. When N− = 1, [CH18, Theorem 7.19] tells us that Sel(K,A)/(F/o)zf,K is annihilated by
a power of p. Thus, XAJ(K,A) is finite. Consequently, Ψ(K) and Sel(K,A) both have corank
1 over o. The same can be said when N− > 1 since the results of [CH18, §7.5] can be readily
generalized after replacing the anticyclotomic Euler system in loc. cit. by the one constructed
in [Mag22]. Therefore, in both cases, Ψ(K)⊗o F/o coincides with Sel(K,A)div, from which the
proposition follows. □

From Theorem 3.1 we deduce that

Corollary 3.7. Let p be as in the statement of Theorem 3.1. Suppose that zf,K is not o-torsion
and that it is not divisible by p as an element of Sel(K,T ). Then,

XAJ(K,A) = XBK(K,A) = 0.

Remark 3.8. If f is p-ordinary, Theorem 3.1 can be used to prove (see [Mas23, Theorem 5.23])
that

XAJ(K∞, A) :=
Sel(K∞, A)(

lim−→n
Ψ(Kn)

)
⊗ F/o

= 0.

In the current article, we prove that the same vanishing holds for the Bloch–Kato–Shafarevich–
Tate group over Kn for all n ∈ Z≥0 ∪ {∞} under suitable assumptions for both ordinary and
non-ordinary primes. Moreover, in the appendix, we extend the XAJ vanishing results of [Mas23]
to non-ordinary primes assuming ap = 0 (see Theorem B.(V)). It should become apparent to the
reader that the proofs we present here utilize techniques of a very different nature.

In general, it is not known whether XAJ(Kn, A) and XBK(Kn, A) coincide. In the or-
dinary setting, Theorem A together with [Mas23, Theorem 5.23] imply that XAJ(K∞, A) =
XBK(K∞, A) = 0 under appropriate hypotheses. In the non-ordinary setting, when ap = 0, The-
orem B.(III) shows that XAJ(Kn, A) and XBK(Kn, A) coincide under the hypotheses therein
(and vanish simultaneously under an additional condition). Such agreements obtained in this
article seem to be a remarkable serendipity.

4. Control theorem

We first introduce some notation. Recall that Kn is the n-th layer of the anticyclotomic Zp-
extension K∞/K, and we denote Γn = Gal(K∞/Kn) = Γp

n

. Given w ∤ p a place of K, let w′ | w
be a place of K∞, and write GK∞,w′ for the decomposition group of w′ in GK∞ . Define

Bw = A
GK∞,w′ /

(
A
GK∞,w′

)
div

;

note that bw = |Bw| depends on w and not on w′. Also, in what follows, for a Selmer condition
⋆ = f , 0, ∅, we will write H1

/⋆ for H1/H1
⋆ for local and global cohomology groups.

We will work under the following hypotheses:

If f is weight-2 p-ordinary, then ap ̸≡ 1 (mod ϖ).(Tors.)

For any place w | N of K, p ∤ bw.(Tama.)
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The assumption (Tors.) should be thought of as a restraint on the torsion group A, as the
following lemma shows. We note that in what follows, when referring to (Tors.), we are often
having Lemma 4.1.(a) in mind.

Lemma 4.1. Suppose (Tors.) holds. Let w be a place of K lying above p. Then
(a) H0(K∞,w, A) = 0;
(b) Suppose that f is ordinary at p, and let T+ denote the unique rank-one sub-representation

of T |GKw
whose Hodge–Tate weight is k/2. Let A− = Hom(T+,F/o)(1). Then, we have

H0(K∞,w, A
−) = 0.

Proof. If f is non-ordinary at p, the assertion in (a) is a consequence of a result of Fontaine
(see, e.g., Lemma A.3). In the remainder of the proof, we assume that f is ordinary at p. The
representation T |GKw

is of the form [
δχ

k/2
cyc ∗
0 δ−1χ

1−k/2
cyc

]
,

where χcyc is the cyclotomic character, and δ is an unramified character that sends the geometric
Frobenius to the unit root of X2 − ap(f)X + pk−1 (see [LV21, p. 445]). In particular,

A− ≃ (F/o)
(
δ−1χ1−k/2

cyc

)
.

Let Iw be the inertia group of GKw
. Then the image Iw under χcyc is Z×

p . If k ≥ 4, we
have −(p − 1) < 1 − k/2 < 0 (thanks to our running hypothesis that p ∤ 2(k − 2)!Nφ(N)).
Thus, δ−1χ

1−k/2
cyc (Iw) ̸⊆ 1 + pZp. This implies that H0(Iw, A

−) = 0. If k = 2, the hypothesis
that ap(f) ̸≡ 1 mod ϖ ensures that δ−1χ

1−k/2
cyc = δ−1 is not the trivial character modulo ϖ,

so H0(Kw, A
−[ϖ]) = 0 still. In both cases, we have H0(Kw, A

−) = 0. Consequently, an orbit-
stabilizer argument implies that H0(Kn,w, A

−) = 0 for all n ∈ Z≥0 (see [DR21, proof of Lemma
5.2], for example), and hence H0(K∞,w, A

−) = 0, as H0(K∞,w, A
−) = ∪n≥0H

0(Kn,w, A
−) by

the continuity of the Galois representation. This proves part (b) of the lemma.
We now turn our attention to part (a). As above, it suffices to show that H0(Kw, A) = 0. Let

{e1, e2} be a basis of o⊕2 on which GKw
acts through the matrix

[
δχ

k/2
cyc Ξ

0 δ−1χ
1−k/2
cyc

]
. Suppose

H0(Kw, A) ̸= 0. Then there exists an element xe1 + ye2 ∈ o⊕2 such that, for all σ ∈ Gw,

σ · (xe1 + ye2) ≡ xe1 + ye2 (mod ϖ).

In other words, for all σ ∈ Gw,(
xδχk/2cyc (σ) + yΞ(σ)

)
e1 + yδ−1χ1−k/2

cyc (σ)e2 ≡ xe1 + ye2 (mod ϖ).

In particular, for all σ ∈ Gw,

yδ−1χ1−k/2
cyc (σ)e2 ≡ ye2 (mod ϖ).

Our proof for part (b) tells us that we must have y ≡ 0 mod ϖ. This in turn implies that

xδχk/2cyc (σ) ≡ xe1 (mod ϖ) for all σ ∈ GKw
.

As 0 < k/2 < (p−1), we have once again δχk/2cyc (Iw) ̸⊂ 1+pZp. Therefore, H0(Iw,F/o(δχ
k/2
cyc )) =

0, which implies that x ≡ 0 mod ϖ. Hence, we conclude that H0(Kw, A) = 0, which implies
the assertion of part (a). □
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Proposition 4.2. Suppose A satisfies assumptions (Tors.) and (Tama.). Let ⋆, • ∈ {0, ∅}. The
restriction map on cohomology groups induces an isomorphism Φn : Sel⋆,•(Kn, A)→ Sel⋆,•(K∞, A)

Γn

for all n ∈ Z≥0.

While control theorems of this flavor are standard (see, e.g., [Mat21a, Lemma 4.3], [LLM23,
Theorem 4.1] and [Pon20, Lemma 2.3]), we give a proof here for the reader’s convenience. We
begin with two lemmas:

Lemma 4.3. Let w | N be a place of K and F be an unramified finite extension of Kw. Then
AGF is finite.

Proof. For the sake of contradiction, suppose instead that there exist infinitely many n ∈ Z≥0

such that xn ∈ AGF and the annihilator ideal of xn is (ϖn) ⊆ o; we extend xn to all of n ∈ Z≥0

by setting xn−1 = ϖxn if xn is defined and xn−1 is not. Let e be the ramification index of F/Qp

and put yn = xen. Denote by (−,−) the pairing from [Nek92, Proposition 3.1.(2)] on T × T and
also A[pn] × A[pn] for n ∈ Z≥0 (note that since T is self-dual, A[pn] ≃ (T/pn)∨(1)). Then we
have (pm−nym, yn) ∈ µpn for all n,m ∈ Z≥0,m > n.

For m,n as above, denote by Dm,n the o/pn-submodule generated by pm−nym, yn in A[pn]. If
Dm,n = A[pn], then the same argument as [Sil09, Corollary III.8.1.1] shows that µpn ⊂ F , which
cannot happen for n≫ 0. Thus there exists n0 ∈ Z≥0 such that for all n ≥ n0, yn0 = anp

n−n0yn
for some an ∈ o×. Put

ỹn =

{
pn0−nyn0 , if n ≤ n0;
anyn, if n > n0.

It follows from our construction that (ỹn)n≥0 ∈ lim←−nA[p
n]GF ; thus we have a nonzero element

in TGF , and hence in V GF .
To derive a contradiction, we will now recall some property of the local Galois representation

at the bad prime w; we thank Ming-Lun Hsieh for explaining this to us. Denote by I ⊂ GF
the inertia subgroup, and recall Vf = V (−k/2) is Deligne’s cohomological Galois representation.
Since w ∤ p, taking the I-invariant commutes with the p-cyclotomic twists. Note also that,
with ℓ being the rational prime under w, I ⊂ GF ⊂ GQℓ

is the full inertia group of ℓ as K is
unramified at places that divide N . Then, as is standard, we have V I = V If (−k/2) = 0 or is
one dimensional. In the latter case, we have Frobℓ acts on V I as −ℓεf,ℓ, following Atkin–Lehner
[AL70] and Carayol [Car86] (see also [Nek92, Proposition 3.1.(4)]); here εf,ℓ is the Atkin–Lehner
sign. Therefore, no power of Frobℓ is 1 and we have V GF = 0. □

Lemma 4.4. Let w | N be a place of Kn that is finitely decomposed in K∞, and let w′ | w be a
place in K∞. Denote by Γn,w′ ⊂ Γn the decomposition group of w′. We have

#ker
(
H1
/f (Kn,w, A)→ H1

/f (K∞,w′ , A)Γn,w′
)
≤ bw.

In particular, when p ∤ bw, the above kernel is trivial.

Proof. The proof is a variant of [Gre99, Lemma 3.3]. Recall that by [PR92, §2.1,7, §2.2.4], we
have H1

f (K∞,w′ , A) = 0. Next, consider the commutative diagram with exact rows

H1
f (Kn,w, A) H1(Kn,w, A) H1

/f (Kn,w, A) 0

0 H1(K∞,w′ , A)Γn,w′ H1(K∞,w′ , A)Γn,w′ 0

gw′
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By snake lemma we find

#ker(gw′) ≤ #ker
(
H1(Kn,w, A)→ H1(K∞,w′ , A)Γn,w′

)
= #H1(Γn,w′ , A

GK∞,w′ ).

As Γn,w′ ̸= 0 is pro-cyclic, if we fix a topological generator γw′ ∈ Γn,w′ , then

H1(Γn,w′ , A
GK∞,w′ ) ≃ AGK∞,w′ /(γw′ − 1)A

GK∞,w′ ,

the latter of which is a quotient of Bw since (A
GK∞,w′ )div ⊆ (γw′ − 1)A

GK∞,w′ by Lemma 4.3.
These combined show #ker(gw′) ≤ bw. □

Proof of Proposition 4.2. We first note that the injectivity of Φn follows from the inflation-
restriction exact sequence

0→ H1(Γn, A
GK∞ )→ H1(Kn, A)→ H1(K∞, A),

and our assumption (Tors.).
For the surjectivity, we consider the commutative diagram with exact rows

Sel⋆,•(Kn, A) H1(KΣ/Kn, A) H1
/⋆(Kn,v, A)×H1

/•(Kn,v̄, A)×
∏
w∈Sn

H1
/f (Kn,w, A)

Sel⋆,•(K∞, A)
Γn H1(KΣ/K∞, A)

Γn

(
H1
/⋆(K∞,v, A)×H1

/•(K∞,v̄, A)×
∏

w′∈S∞

H1
/f (K∞,w′ , A)

)Γn

.

Φn h g

By the inflation-restriction exact sequence and (Tors.) again, we have coker(h) = 0. Thus, by
the snake lemma, the surjectivity of Φn would follow from ker(g) = 0. Note that g is given by
the local maps

gw : H1
/♡(Kn,w, A)→

∏
w′|w

H1
/♡(K∞,w′ , A)

Γn

,

where

♡ =


f w | N ;

⋆ w = v;

• w = v̄.

The inflation-restriction exact sequence and (Tors.) imply that ker(gw) = 0 with w | p. It remains
to show that ker(gw) = 0 for w | N . For this, we enlarge gw to

g′w : H1
/f (Kn,w, A)→

∏
w′|w

H1
/f (K∞,w′ , A)

Γn

↪→
∏
w′|w

H1
/f (K∞,w′ , A)Γn,w′

(notation as in Lemma 4.4). We then have a dichotomy: either w is infinitely decomposed in
K∞, in which case ker(g′w) = 0; or w is finitely decomposed, in which scenario the vanishing of
ker(g′w) remains valid thanks to Lemma 4.4 and (Tama.). □
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5. Vanishing of SelBDP and its consequences

Recall that zf,K ∈ H1
f (K,T ) is the generalized Heegner class over K; we use the same letter

for its image in H1
f (K,A). The following hypotheses are in effect

locv(zf,K) /∈ ϖH1
f (Kv, T ).(Loc.div.)

Sel(K,A) = F/o · zf,K .(Sel.)

Note also that, by local Tate duality, the assumption (Tors.) implies

H2(Kv̄, T ) = 0.(Tors’.)

The proof of the following proposition is inspired by [Mat21a, proof of Theorem 3.2].

Proposition 5.1. Assume (Tors.), (Tama.), (Loc.div.) and (Sel.). For all n ∈ Z≥0 ∪ {∞},

SelBDP(Kn, A) = 0.

Proof. By Proposition 4.2, we have SelBDP(Kn, A) = SelBDP(K∞, A)
Γn . As SelBDP(K∞, A) is

co-finitely generated [Gre89, Proposition 3], by Nakayama it suffices to prove SelBDP(K,A) = 0.
Equivalently, we show that

Sel∅,∅(K,A)→ H1(Kv̄, A)(5.1)

is injective.
We start with a bisection of Sel∅,∅(K,A). We have the following Cassels–Poitou–Tate exact

sequence (see [Was97, p. 119] for a detailed discussion over Q; the argument can be applied to
general number fields with minor adjustments):

0→ Sel(K,A)→ Sel∅,∅(K,A)
ψ−→ H1

/f (Kv, A)×H1
/f (Kv̄, A)

θ−→ Sel(K,T )∨,

where Sel(K,T ) = lim←−n Sel(K,A)[p
n]. This gives rise to the following short exact sequence:

0→ Sel(K,A)→ Sel∅,∅(K,A)
ψ−→ ker(θ)→ 0.(5.2)

Consequently, the injectivity of (5.1) follows from the following two claims:

(a) If z ∈ Sel∅,∅(K,A) is such that locv̄(z) = 0, then z ∈ Sel(K,A).
(b) The localization map Sel(K,A)→ H1(Kv̄, A) is injective.

We begin with the proof of (b). First, note that the localization map can be decomposed as

locv̄ : Sel(K,A) ≃ F/o · zf,K
ψ0,v̄−−−→ H1

f (Kv̄, A) ↪→ H1(Kv̄, A),(5.3)

where ψ0,v̄ is the built-in morphism from the definition of Sel(K,A), and the first isomorphism
is guaranteed by (Sel.). Suppose z ∈ ker(ψ0,v̄) is of the form zf,K ⊗ a/ϖn for some a ∈ o× and
n ∈ Z≥0. By (Tors.), we have an exact sequence

0→ H1
f (Kv̄, T )→ H1

f (Kv̄, V )→ H1
f (Kv̄, A).

Hence, we may and will regard H1
f (Kv̄, T ) as a subgroup of H1

f (Kv̄, V ). Since ψ0,v̄(z) =
locv̄(zf,K) ⊗ a/ϖn = 0 ∈ H1

f (Kv̄, A), we have locv̄(zf,K) ∈ ϖnH1
f (Kv̄, T ). Now, by apply-

ing the complex conjugation to (Loc.div.), we find locv̄(zf,K) /∈ ϖH1
f (Kv̄, T ), which forces n = 0

and hence z = 0.
As for (a), we note that by (Loc.div.) and (Sel.), we have Sel(K,T ) = lim←−n Sel(K,A)[p

n] =

o · zf,K , and that, by definition, ker(θ) ⊆ H1
/f (Kv, A) × H1

/f (Kv̄, A) is orthogonal to im(θ∨) =



SELMER GROUPS OVER ANTICYCLOTOMIC TOWERS 13

im(Sel(K,T )) ⊆ H1
f (Kv, T )×H1

f (Kv̄, T ). Now, if z ∈ Sel∅,∅(K,A) is such that locv̄(z) = 0, then
ψ(z) ∈ ker(θ) is also orthogonal to H1

f (Kv̄, T ), and thus to

0×H1
f (Kv̄, T ) + im(Sel(K,T )) ⊆ H1

f (Kv, T )×H1
f (Kv̄, T ).

By (Tors.), H1
f (Kv, T )×H1

f (Kv̄, T ) is torsion-free and thus isomorphic to o2 (see [BK90, Corollary
3.8.4]). Now, (Loc.div.) tells us that the projection of zf,K in H1

f (Kv, T ) is a generator, whereby
0 × H1

f (Kv̄, T ) + im(Sel(K,T )) = H1
f (Kv, T ) × H1

f (Kv̄, T ). This shows ψ(z) = 0 and hence
z ∈ Sel(K,A). □

Remark 5.2. Note that we proved that
(i) Sel(K,A)→ H1

f (Kv̄, A) is an isomorphism.
(ii) ker(θ) ≃ F/o, as its Pontryagin dual is

(
H1

f (Kv, T )×H1
f (Kv̄, T )

)
/im(Sel(K,T )), which

is isomorphic to o by (Loc.div.). In particular, Sel∅,∅(K,A) ≃ (F/o)2 by (5.2).
Additionally, as one can check, our proof works with v, v̄ switched under the same set of assump-
tions.

Remark 5.3. We discuss a possible alternative proof of Proposition 5.1 utilizing the Iwasawa main
conjecture that relates the BDP p-adic L-function of [BDP13, Bra11, HB15] (which we denote
by LBDP

p ∈ ôur[[Γ]], where ôur denotes the ring of integers of the completion of the maximal
unramified extension of F) to the BDP Selmer group. Throughout this remark, we assume that
the following inclusion holds

(5.4)
(
LBDP
p

)2 ∈ charΛ SelBDP(K∞, A)
∨ ⊗ ôur.

In the ordinary case, this is a consequence of [LV19a, Theorem 3.5] under mild hypotheses; see
the discussion in [HL23, Remark 13], see also [BCK21, Theorem B] and [Swe24] for more recent
developments. When f is non-ordinary at p, k = 2 and N− = 1, (5.4) has been studied in [LZ24],
which built on the prior work of Kobyashi–Ota [KO20].

One can check, using the interpolation formula for LBDP
p at the trivial character (see [JLZ21,

Theorem 7.2.4], [BDP13, Theorem 5.13] and [HB15, Theorem 1.1]), that LBDP
p is a unit under

an appropriate hypothesis on the image of the zf,K under the Bloch–Kato logarithm map. Conse-
quently, (5.4) implies that SelBDP(K∞, A)

∨ is a pseudo-null Λ-module. However, SelBDP(K∞, A)
∨

does not contain any non-trivial pseudo-null submodule (see [LMX24, Lemma 3.4]). Therefore,
we deduce SelBDP(K∞, A) = 0. If (Tama.) also holds, we can combine the last equation with
the exact control theorem Proposition 4.2 to conclude that SelBDP(Kn, A) = 0 for all n.

Corollary 5.4. Suppose that the assumptions of Proposition 5.1 hold. Then, for all n ∈ Z≥0,
the map Sel(Kn, A)→ H1

f (Kn,w, A) is an isomorphism for w | p. Consequently,
(1) coranko(Sel(Kn, A)) = pn.
(2) The Bloch–Kato–Shafarevich–Tate group XBK(Kn, A) = Sel(Kn, A)/Sel(Kn, A)div = 0.

Proof. Without loss of generality, assume w = v̄. We have the Cassels–Poitou–Tate exact se-
quence

0→ Self ,0(Kn, A)→ Sel(Kn, A)→ H1
f (Kn,v̄, A)→ Sel0,∅(Kn, T )

∨.

From Proposition 5.1 we see that Self ,0(Kn, A) ⊆ Sel∅,0(Kn, A) = 0, whereby the injectivity
follows.

As for the surjectivity, by Proposition 5.1 with v, v̄ switched, we have

Sel0,∅(Kn, A) =
⋃
m>0

Sel0,∅(Kn, A)[p
m] = 0.
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Thus, Sel0,∅(Kn, A)[p
m] = 0 for all m, whereby Sel0,∅(Kn, T ) = lim←−m Sel0,∅(Kn, A)[p

m] = 0.
Now, we turn our attention to the “therefore” part. For (1), we have coranko(H

1
f (Kn,w, A)) =

pn by [BK90, Corollary 3.8.4] and the base change property (BdR⊗V )GKn,w = (BdR⊗V )GKw⊗Kw

Kn,w. The assertion (2) follows from the fact that H1(Kn,w, A) is divisible (see [Gre01, proof of
Theorem 2.9]). □

6. Results on universal norms

Throughout §6, we let w ∈ {v, v̄} be a place of K. The objective of this section is to study
the structure of Sel(K∞, A). It follows from Corollary 5.4 that under the assumptions of Propo-
sition 5.1,

(6.1) Sel(K∞, A) = lim−→
n

Sel(Kn, A) = lim−→
n

H1
f (Kn,w, A).

We shall prove part (3) of Theorem A, which describes the structure of this Λ-module. We do
so via the theory of local universal norms à la Perrin-Riou [PR00] who studied modules over
cyclotomic towers analogous to the second direct limit in (6.1).

Lemma 6.1. There is a Λ-isomorphism(
lim−→
n

H1
f (Kn,w, A)

)∨

≃ lim←−
n

H1(Kn,w, T )/ lim←−
n

H1
f (Kn,w, T ).

Proof. By local Tate duality, there is a perfect pairing

⟨−,−⟩ : lim−→
n

H1(Kn,w, A)× lim←−
n

H1(Kn,w, T )→ F/o.

As explained in [PR92, §2.1.8], ⟨−,−⟩ induces a perfect pairing(
lim−→
n

H1(Kn,w, A)/ lim−→
n

H1
f (Kn,w, A)

)
× lim←−

n

H1
f (Kn,w, T )→ F/o.

In other words, lim−→
n

H1
f (Kn,w, A) and lim←−

n

H1
f (Kn,w, T ) are the annihilator of each other under

⟨−,−⟩, from which the lemma follows. □

Combined with the following theorem, Theorem A.(3) follows.

Theorem 6.2. Assume that (Tors.) holds.
i) The inverse limit lim←−

n

H1(Kn,w, T ) is free of rank two over Λ.

ii) If f is non-ordinary at p, then lim←−
n

H1
f (Kn,w, T ) = 0.

iii) If f ordinary at p, then lim←−
n

H1(Kn,w, T )/ lim←−
n

H1
f (Kn,w, T ) is free of rank one over Λ.

Proof. We first prove part i). By [PR92, Proposition 2.1.3 and 2.1.6] and Lemma 4.1, we see
that lim←−nH

1(Kn,w, T ) is of Λ-rank 2 and isomorphic to HomΛ(Z,Λ) for some finitely generated
Λ-module Z. We contend that HomΛ(Z,Λ) is a free Λ-module, which is enough to establish i).
Indeed, let N be the maximal torsion Λ-submodule of Z, then HomΛ(Z/N ,Λ) = HomΛ(Z,Λ),
so we may assume Z is torsion-free over Λ. As Z is finitely generated, there exists a pseudo-null
Λ-moduleM such that

0→ Z → Λ⊕2 →M→ 0
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is exact. Taking HomΛ(−,Λ), we have the exact sequence 0→ HomΛ(Λ
⊕2,Λ)→ Hom(Z,Λ)→

Ext1Λ(M,Λ). Thus, we are left to show Ext1Λ(M,Λ) = 0; namely, any Λ-module extension
0→ Λ→ J →M→ 0 splits.

Since M is pseudo-null, there exists a non-zero element g ∈ Λ that is an annihilator of M.
After multiplying by g on the short exact sequence of 0 → Λ → J → M → 0 and applying
snake lemma, we have another exact sequence 0 → Jg=0 → M → Λ/(g). Since Λ/(g) has no
pseudo-null submodule, we conclude that there is a canonical liftingM≃ Jg=0 ↪→ J ; hence, the
extension is trivial, which concludes the proof of part i).

We turn our attention to ii). In particular, we assume that f is non-ordinary at p. Let
Kcyc,w be the cyclotomic Zp-extension of Kw and write Γcyc = Gal(Kcyc,w/Kw). Let H∞(Γcyc)
be the Qp-algebra of tempered distributions on Γcyc. Let K denote the compositum of Kcyc.w

and K∞,w, and let õ denote the ring of integers of the completion of the maximal unramified
extension of F. Let

LK,T (k/2−1) : H
1
Iw(K, T (k/2− 1))→ õ[[Gal(K/Kcyc,w)]]⊗̂H∞(Γcyc)⊗ Dcris(V (k/2− 1))

denote the two-variable Perrin-Riou map defined in [LZ14]. After twisting by a power of the
cyclotomic character, this gives the following map:

LK,T : H1
Iw(K, T )→ õ[[Gal(K/Kcyc,w)]]⊗̂H∞(Γcyc)⊗ Dcris(V ).

As in [LZ24, Theorem A.2], we may quotient out by the kernel of the projection map

õ[[Gal(K/Kw)]]→ õ[[Gal(K∞,w/Kw)]],

resulting in
LK∞,w,T : lim←−

n

H1(Kn,w, T )→ H̃∞ ⊗ Dcris(V ),

where H̃∞ denotes the õ-algebra of tempered distributions on Γ. Let α and β be the two
roots of X2 − ap(f)X + pk−1. For all z ∈ lim←−nH

1(Kn,w, T ), we may write LK∞,w,T (z) =

Lα(z)vα+Lβ(z)vβ , where vλ is a φ-eigenvector with eigenvalue pk/2−1/λ, and Lλ(z) is a tempered
distribution of order ordp(λ) for λ ∈ {α, β} (see [LZ14, Proposition 4.8]). In other words, it lies
inside H̃r ⊗ Dcris(V ), where H̃r denotes the subset of H̃∞ consisting of elements that are of
order r = max(ordp(α), ordp(β)).

If z ∈ lim←−H
1
f (Kn,w, T ), [LZ14, Theorem 4.15] implies that LK∞,w,T (z) is an element of the

following set:

A =
{
g ∈ H̃r ⊗ Dcris(V ) : g(χ−jθ) ∈ Kn ⊗ φn Filj Dcris(V ), g(θ) = 0,

for all finite characters θ of Γ and j ≤ k/2
}
.

It follows from the calculations in [PR00, §3] that when V |GKw
is irreducible, the set A = 0,

which in turn implies that z = 0 by Proposition 2.5.4 of op. cit.
We now prove iii). Since f is assumed to be ordinary at p, T |GKw

admits a one-dimensional
sub-representation T ′ so that

H1
f (L

′, T ) = H1(L′, T ′)

for any finite extension L′ of Kw (see [PR92, Remark 2.3.4], which says that H1
f (L

′, T ) and
H1(L′, T ′) agree up to torsion; Lemma 4.1 tells us that the torsion subgroups are trivial). Next,
we claim that the natural map lim←−nH

1(Kn,w, T )/ lim←−nH
1(Kn,w, T

+) → lim←−nH
1(Kn,w, T

−) is
an isomorphism. By dualizing, this boils down to the exactness of the following sequence

0→ H1(K∞,w, A
+)→ H1(K∞,w, A)→ H1(K∞,w, A

−)→ 0,
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which in turn is guaranteed by Lemma 4.1.(b) (note that by local duality, H2(K∞,w, A
+) =

H0(K∞,w, T
−)∨). Now, we may proceed as in the proof of i) to conclude that lim←−nH

1(Kn,w, T
−)

is free of rank one over Λ, again using Lemma 4.1.(b). □

Appendix A. Growth of Selmer groups: the case of ap = 0

A.1. Summary of results. In this appendix, following the line of argument of Matar presented
in [Mat21a], we give an alternative proof of Theorem A for modular forms f with ap(f) = 0
utilizing the plus and minus Selmer groups. We will assume N− = 1, although the results should
also hold under the generalized Heegner hypothesis, as the computations in §A.3 are not specific
to the case N− = 1.

We will keep the same notation from the main body of the article, with the following additions
• If R is an o-algebra, we write ΛR = Λ⊗o R.
• From the generalized Heegner classes zf,1,pn [CH18, §4.4], where 1 denotes the trivial

character, we form

αn = CoresK[pn+1]/Kn
(zf,pn+1) ∈ H1(Kn, T ).

• For n ≥ 1, we denote Φn(X) = Xpn−1

Xpn−1−1
, ωn(X) = (X + 1)p

n − 1,

ω̃+
n (X) =

∏
2≤i≤n,i≡0 mod 2

Φi(X + 1), ω̃−
n (X) =

∏
1≤i≤n,i≡1 mod 2

Φi(X + 1),

and ω±
n (X) = Xω̃±

n (X).
Our main result is the following

Theorem B. Let f be a normalized cuspidal eigen-newform of even weight k = 2r ≥ 2 and level
Γ0(N) with N ≥ 5. Let K be an imaginary quadratic field with dK ̸= −3,−4 in which every
prime divisor of N splits. Let p be a prime such that:

(i) p splits in K, and does not divide the class number hK .
(ii’) p ∤ 2(k − 1)!Nφ(N).
(iii’) ap(f) = 0.
(iv) For any w | N in K and any w′ | w in K∞, p ∤

∣∣∣AGK∞,w′ /(A
GK∞,w′ )div

∣∣∣.
(v’) zf,K /∈ ϖH1(K,T ), pα1 ̸= −pk−2(p− 1)α0 and pα2 ̸= −pk−2α0.
(vi) Sel(K,A) ≃ F/o · zf,K .
(vii) p is unramified in F.

Then
(I) The Selmer modules Sel+(K∞, A) and Sel−(K∞, A), whose definitions are recalled in

§A.2.4, are cofree of corank one over Λ.
(II) For all n ≥ 0, coranko(Sel(Kn/A)) = pn.

(III) The Shafarevich–Tate groups XBK(Kn, A) and XAJ(Kn, A) introduced in §3 coincide,
and are finite for all n ≥ 0.

Suppose in addition that locv(zf,K) /∈ ϖH1
f (Kv, T ), then we have

(IV) Sel(K∞, A)
∨ is free of rank 2 over Λ.

(V) XAJ(Kn, A) = 0 for all n ∈ Z≥0 ∪ {∞}.

Remark A.1. Some comments for the assumptions:
(1) We need the Fontaine–Laffaille condition p > k − 1 in (ii’) so as to construct a strongly

divisible lattice inside the crystalline Dieudonné module of V ; this allows us to define
integral Coleman maps in §A.2.
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(2) In the supersingular setting, the assumption (iii) in Theorem A, as well as its consequence
Lemma 4.1.(a), is automatically valid (see Lemma A.3).

(3) Condition (v’) allows us to study Selmer groups explicitly by exploiting the Heegner
modules sitting inside, an approach also employed by [PR87, LV19b, Mat21a]. Note that
if k = 2, then the conditions on α1, α2 are superfluous as α0 = −2zf,K /∈ pH1(K,T ).

(4) Under the assumption zf,K /∈ ϖH1(K,T ) from (v’), we see that (vi) actually asserts that
zf,K is a generator of Sel(K,A), namely, the map F/o→ Sel(K,A) sending t to zf,K ⊗ t
is an isomorphism.

(5) The additional assumption (vii) is required for our argument in §A.3, which guarantees
the irreducibility of cyclotomic polynomials Φn(X).

A.1.1. Organization. This appendix is arranged as follows: In §A.2 we recall the definition of
plus/minus Selmer groups and establish some basic properties of them in parallel with those stud-
ied by Kobayashi [Kob03]. In §A.3, we adapt an argument of Matar to prove the nontorsionness
(Corollary A.14) and the lower bound of the corank of Sel(Kn, A) (Proposition A.15). In §A.4,
we replicate Matar’s argument in our setting and establish the Λ-structures of Sel±(K∞, A)

∨

and the upper bound of coranko(Sel(Kn, A)). Combined with the study of generalized Heegner
modules, these are enough to deduce the finiteness of Shafarevich–Tate groups. Finally, assuming
locv(zf,K) /∈ ϖH1

f (Kv, T ), we borrow some results from §5 to deduce the rest of the theorem.

A.2. Review of plus/minus theory.

A.2.1. Setup. Throughout the appendix, we assume p ∤ 2Nφ(N)(k − 1)!hK , p splits in K and
ap(f) = 0. We recall here Lei’s theory of plus/minus Coleman maps for modular forms [Lei10,
Lei11]. As the Galois representation V is crystalline, we can form the corresponding Dieudonné
module D(V ) = Dcris(V ), which is equipped with the decreasing de Rham filtration and the
semi-linear operator φ. For i ∈ Z, we write Di(V ) for the i-th filtration of D(V ). In addition,
since we have the Fontaine–Laffaille condition, i.e., p > k−1, we have a strongly divisible lattice
D(T ) ⊂ D(V ) (see, e.g., [BK90, Theorem 4.3]). The lattice D(T ) inherits a filtration from D(V ),
and we use Di(T ) to denote its i-th counterpart.

Throughout §A.2 we will fix w ∈ {v, v̄}. As K∞,w/Kw is a totally ramified Zp-extension of
Kw = Qp, we have the Perrin-Riou regulator as constructed in [Lei10, §2]:

LT : H1(K∞,w, T ) = lim←−
n

H1(Kn,w, T ) −→ D(V )⊗H∞,

where H∞ is the algebra of tempered distributions on Γ ≃ Gal(K∞,w/Kw), which we may
identify with the set of power series in F[[X]] that converge on the p-adic open unit disc {z ∈
Cp : |z| < 1}.

A.2.2. Coleman maps. As V has Hodge–Tate weights {r, 1− r}, where r = k/2, we see that

Di(T ) =


D(T ), i ≤ −r;
o · ω, −r < i ≤ r − 1;

0, i ≥ r.

Here, ω is a chosen generator of D0(T ).

Lemma A.2. We have φ(ω)/pr−1 ∈ D(T ), and D(T ) is freely spanned by ω and φ(ω)/pr−1.

Proof. We argue in the same fashion as [LLZ17, Lemma 3.1]. The Fontaine–Laffaille condition
guarantees the following:

• φ(ω) ∈ pr−1D(T ) since ω ∈ Dr−1(T ).
• There exists ξ ∈ D(T ) such that D(T ) = oξ ⊕ oω.
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• D(T ) = o · p1−rφ(ω) + prφ(D(T )).
LetD be the o-submodule ofD(T ) spanned by ω and φ(ω)/pr−1. The second and third properties
then implies ξ ∈ D + o · prφ(ξ). Iterating, we find ξ ∈ D + prφ(D) + o · pkφ2(ξ). As V = Vf (r),
we have φ2 = −p−1. So prφ(D) ⊂ o · prφ(ω) + oω ⊂ D, and thus ξ ∈ D + opk−1ξ. This forces
ξ ∈ D. □

Now, put v1 = ω, v2 = φ(ω)/pr−1. Then under this basis, LT admits the following decompo-
sition for all z ∈ H1(K∞,v, T ) [Lei10, Definition 2.8]:

LT (z) =
[
v1 v2

] [log+p,k 0

0 log−p,k

] [
Col+(z)
Col−(z)

]
.

Here,
• For ε ∈ {±1},

logεp,k =
∏

1−r≤j≤r−1

1

p

∏
n≥1

(−1)n=ε

Φn(γ
−j(1 +X))

p

As shown by Pollack [Pol03, Lemma 4.1], both products converge in Qp[[X]].
• The Coleman maps, Col±, are Λ-morphisms from H1(K∞,w, T

∗) to ΛF. By [BL17,
Proposition 2.20], it is known that the image of Col± is a finite-index submodule of some
free Λ-submodule of rank 1 inside ΛF.

Next, we recall the following lemma that will be used throughout

Lemma A.3. We have A[ϖ]GK∞,w = 0, and hence AGK∞,w = 0.

Proof. This follows from [LZ24, proof of Lemma 4.4], using Fontaine’s description [Edi92, The-
orem 2.6] of the local Galois representation at a non-ordinary prime p under the condition
p > k − 2. □

Thanks to Lemma A.3, we have an identification

H1(Kn,w, A) = H1(K∞,w, A)
Γn

for all n ∈ Z≥0. By local Tate duality, we derive

H1(Kn,w, T ) = H1(K∞,w, T )Γn
.

As such, we can define Col±n to be Col± modulo Γn, namely the induced map

Col±n : H1(Kn,w, T )→ ΛF/ωnΛF.

A.2.3. Plus/minus local subgroups. We put

H1
±(K∞,w, T ) = ker(Col±) ⊂ H1(K∞,w, T ),

and write H1
±(K∞,w, A) ⊂ H1(K∞,w, A) for its orthogonal complement under the local Tate

pairing; put also

H1
±(Kn,w, A) = H1(K∞,w, A)

Γn .

By local duality, we have

H1
±(Kn,w, A) = ker(Col±n )

⊥.

We recall the following description given in [Lei10, Proposition 3.3]; note that for m ∈ Z≥0, the
restriction map H1(Km,w, A)→ H1(Km+1,w, A) is injective, by Lemma A.3.
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Lemma A.4. Let ε ∈ {±1}. The local subgroup H1
ε (Kn,w, A) coincides with{

z ∈ H1
f (Kn,w, A) : CoresKn/Km+1

(z) ∈ H1(Km,v, A) for all m ∈ Z≥0,m < n, (−1)m = ε
}
.

Corollary A.5. The image of Col±n is annihilated by ω±
n .

Proof. Let ε ∈ {±1}. Since Colεn is valued in ΛF, it suffices to show there exists t ∈ Z≥0 such that
ptωεn annihilates im(Colεn). Or, by duality, any z ∈ H1

ε (Km,v, A) is killed by ptωεn. By Lemma
A.4, we have

pt(n,ε)ωεn · z = X · TrKn/K(z) = 0,

where

t(n, ε) =


n/2, if 2 | n;
(n+ 1)/2, if 2 ∤ n and ε = +1;

(n− 1)/2, otherwise.

□

We will thus denote by Col±n the composition

Col±n : H1(Kn,w, T )
Col±n−−−→ ΛF/ωnΛF ↠ ΛF/ω

±
n ΛF,

where we identify ΛF/ωn ≃ ΛF/ω
±
n ⊕ΛF/ω̃

∓
n by Chinese remainder theorem and the second map

is projection.

Proposition A.6. We have ker(Col±n ) = ker(Col±n ).

Proof. We will prove the plus part; the minus part can be handled similarly. By definition it
boils down to establishing the reverse inclusion ker(Col+n ) ⊆ ker(Col+n ). Applying the Chinese
remainder theorem, we have F,G ∈ Zp[[X]] and m ∈ Z≥0 such that Fω+

n + Gω̃−
n = pm; note

that this forces G to be prime to ω+
n in ΛF. Now, suppose z ∈ ker(Col+n ). Then by Corollary

A.5,

pm · Col+n (z) = Gω̃−
n · Col

+
n (z).

So G(X)ω̃−
n (X)Col+n (z) = 0 ∈ ΛF/ω

+
nΛF. As ΛF is a unique factorization domain, this shows

Col+n (z) ∈ ω+
nΛF, whereby pmCol+n (z) = Gω̃−

n · Col
+
n (z) = 0 ∈ ΛF/ωnΛF. That is, z ∈ ker(Col+n ).

□

Remark A.7. If we regard Col± as valued in F[[Γ]], then from our construction, Col± = lim←−nCol
+
n .

In particular this equality holds in ΛF; cf., [Kob03, Definition 8.22].

A.2.4. Selmer groups and their control theorems. For n ∈ Z≥0 ∪ {∞}, we define

Sel±(Kn, A) = ker

(
H1(Kn, A)→

∏
w|p

H1(Kn,w, A)

H1
±(Kn,w, A)

×
∏
w∤p

H1(Kn,w, A)

H1
f (Kn,w, A)

)
.

As both Sel±(K∞, A) are contained in Sel(K∞, A), they are cofinitely generated Λ-modules
[Gre89, Proposition 3].

Remark A.8. From Lemma A.4, we see that

Sel±(K,A) = Sel(K,A).

Next, we consider a special case of the control theorem of Ponsinet [Pon20, Lemma 2.3]:
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Proposition A.9. Assume (Tama.). For n ≥ 0, the map

Sel±(Kn, A)→ Sel±(K∞, A)
ωn=0

is an isomorphism.

Proof. By Lemma A.3 the map is injective. For the surjectivity, the proof is more or less in the
same lines as those of Proposition 4.2, except that at w | p, one observes instead

H1(Kn,w, A)

H1
±(Kn,w, A)

→
(
H1(K∞,w, A)

H1
±(K∞,w, A)

)Γn

is injective (cf., loc. cit.). □

Next, for n ∈ Z≥0 ∪ {∞}, we define

Sel1(Kn, A) = ker
(
Sel(Kn, A)→

∏
w|p

H1(Kn,w, A)

H1
f (Kw, A)

)
.

We first note the following

Lemma A.10. The intersection Sel+(Kn, A) ∩ Sel−(Kn, A) equals Sel1(Kn, A).

Proof. We have Sel1(Kn, A) ⊆ Sel+(Kn, A) ∩ Sel−(Kn, A) by definition. Now suppose x ∈
Sel+(Kn, A) ∩ Sel−(Kn, A). Then for w | p, we have locw(x) ∈ H1

+(Kn,w, A) ∩ H1
−(Kn,w, A).

We claim that locw(x) ∈ H1
f (Kw, A). Otherwise, let t ∈ Z≥1 be smallest such that locv(x) ∈

H1
f (Kt,w, A) \H1

f (Kt−1,w, A). As locw(x) ∈ H1
(−1)t−1(Kn,w, A), by Lemma A.4, we have

CoresKn/Kt
(locw(x)) ∈ H1

f (Kt−1,w, A).

Since

locv(x) =
1

pn−t
CoresKn/Kt

(locw(x)),

we find pn−tlocw(x) ∈ H1
f (Kt−1,w, A). However, as H1

f (Kt−1, A) is divisible (see [Gre01, proof
of Theorem 2.9]), we deduce that locw(x) ∈ H1

f (Kt−1, A), which is a contradiction. □

Lemma A.11. Assume (Tama.). For n ∈ Z≥0, the injection

Sel1(Kn, A) ↪→ Sel1(K∞, A)
Γn

is an isomorphism.

Proof. The proof is similar to that of Proposition 4.2. In the snake diagram, at a place w | p we
use the identification

H1(Kn,w, A)

H1
f (Kw, A)

=
H1(K∞,w, A)

Γn

H1
f (Kw, A)

,

valid by Lemma A.3, to bound the kernel of the map on the product of local cohomology groups.
□

Below, for a Λ-module M and n ∈ Z≥0, we denote Mω+
n=ω−

n =0 simply by Mω±
n =0.

Corollary A.12. Assume (Tama.) and (Sel.). We have corank(Sel1(Kn, A)
ω±

n =0) ≤ 1.



SELMER GROUPS OVER ANTICYCLOTOMIC TOWERS 21

Proof. The proof is due to Matar [Mat21a, pp. 140-141], which we record here for completeness.
As gcd(ω+

n , ω
−
n ) = X in Qp[X], we have A(X), B(X) ∈ Zp[X] and m ∈ Z≥0 such that Aω+

n +
Bω−

n = pmX. It follows that

coranko(Sel
1(Kn, A)

ω±
n =0) ≤ coranko(Sel

1(Kn, A)
pm(γ−1)=0) = coranko(Sel

1(Kn, A)
Γ).

By Lemma A.11, we conclude the last quantity is coranko(Sel
1(K,A)), and thus is no greater

than coranko(Sel(K,A)), which is ≤ 1 by (Sel.). □

A.3. Nontorsionness of X±
∞ via generalized Heegner modules. From now on we will

always assume that p is unramified in the local Hecke field F; this ensures that all the cyclotomic
polynomials Φn(X) are irreducible. For n ∈ Z≥0 ∪ {∞}, denote X±

n = Sel±(Kn, A)
∨. In this

section we modify an argument of Matar to prove both Λ-modules X±
∞ are nontorsion.

Recall we have assumed that ap = ap(f) = 0, p ∤ 2Nφ(N)(k − 1)!hK and the weight of the
modular form to be k = 2r ∈ 2 · Z>0. For n ∈ Z≥0 ∪ {∞}, let Ψ(Kn) ⊆ H1

f (Kn, T ) be the
image of the p-adic Abel–Jacobi map recalled in Definition 3.5. Since Ψ(Kn) is an o-submodule
of H1(Kn, T ), we see that Ψ(Kn) is finite free over o since H1(Kn, T ) is (using Lemma A.3 again
and the inclusion AGKn ⊆ AGKn,w for w | p).

Next, let zf,1,pn ∈ H1(K[pn], T ) be the generalized Heegner classes constructed by Castella–
Hsieh [CH18, §4.4], where K[pn] is the ring class field of K of conductor pn and 1 the trivial
anticyclotomic character. Recall we write CoresK[1]/K(zf,1,1) as zf,K . For n ∈ Z≥0, denote
αn = CoresK[pn+1]/Kn

(zf,1,pn+1) ∈ Ψ(Kn), which in fact belongs to Sel(Kn, T ) as explained in
§3. We have the following norm relations [LV19a, Lemma 4.1]

(H1) For n ≥ 2, CoresKn/Kn−1
(αn) = −pk−2αn−2.

(H2) CoresK1/K0
α1 = −pk−2(p− 1)α0.

(H3) α0 = −2pr−1zf,K .
Throughout this section, we will assume the following linear non-incidence condition:

α0 ̸= 0, pα1 ̸= −pk−2(p− 1)α0, pα2 ̸= −pk−2α0.(Inc.)

In particular, since in our setting H1(K,T )[p∞] = 0, α0 ̸= 0 if and only if zf,K ̸= 0, which is
further equivalent to zf,K being nontorsion.

Define Hn ⊆ Ψ(Kn) to be the o-span of ασn for σ ranging in Gal(Kn/K). If M is a o-module
write MF =M ⊗o F. For n ∈ Z, put ε(n) = (−1)n. We prove

Proposition A.13. Suppose (Inc.) holds. Then the F[Gal(Kn/K)]-module Hn,F is isomorphic
to ΛF/(ω

ε(n)
n (X)).

Proof. By the norm relations (H1) and (H2), we have

ωε(n)n (X) · αn ∈ Zp(γ − 1) · α0.

As (γ−1)α0 = 0, we deduce that Ann(Hn,F) ⊇ (ω
ε(n)
n (X)) since the ΛF-moduleHn,F is generated

by αn. We now prove the reverse inclusion. For this, we choose a generator F of Ann(Hn,F),
which exists as ΛF is a principal ideal domain.

We shall prove the reverse inclusion by induction. The case n = 0 follows from the assumption
α0 ̸= 0. For n = 1, we have ωε(n)n = ω1(X) = Xp − 1. Suppose F ∈ ΛF is a proper divisor of ω1,
then F = X or F = Φ1(X). In the former scenario, we find γα1 = α1, so

−pk−2(p− 1)α0 = CoresK1/K(α1) = pα1,

contravening our hypothesis. Next, suppose Φ1(X)α1 = 0, which, by the norm relation, is
equivalent to pk−2(p− 1)α0 = 0. Again this is ruled out as Ψ(K) is free over o and we assumed
α0 ̸= 0. Thus for n = 1, we must have F = ω1(X).
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Now suppose we are done with n < t for some t ∈ Z≥2. For n = t, first suppose for the sake
of contradiction that Φt ∤ F . Then we have ωt−1(X) · αt = 0, namely αt ∈ H1(Kt, T )

Γt−1 =
H1(Kt−1, T ) by Lemma A.3. Thus,

−pk−2αt−2 = CoresKt/Kt−1
(αt) = pαt.

Taking corestrictions on both sides, we find{
pα2 = −pk−2α0, if t ≡ 0 mod 2,

pα1 = −pk−2(p− 1)α0, if t ≡ 1 mod 2.

As both possibilities are excluded from our assumption, we conclude that Φt must divide F .
Now, for any σ ∈ Gal(Kn/K), we have

0 = (pk−2F/Φt)(Φt/p
k−2)(ασn) = −(pk−2F/Φt)α

σ
n−2.

Thus F/Φt ∈ Ann(Ht−2,F), which by inductive hypothesis implies that ωε(t)t−2 | F/Φt. It follows
that ωε(t)t | F , as desired. □

Corollary A.14. Assume (Inc.). The Λ-modules X±
∞ are not torsion.

Proof. For n ∈ Z≥0, the norm relations imply that Hn⊗oF/o ⊆ Sel(−1)n(Kn, A). By Proposition
A.13 we have an identification Hn⊗oF/o ≃ (F/o)[X]/(ω

ε(n)
n ). Thus X+

∞ admits a surjective map
to o[X]/(ω+

2n). Now, if X+
∞ is Λ-torsion, then there exists F ∈ o[[X]] such that F annihilates

(H2n ⊗ F/o)∨ for all n ∈ Z≥0. This forces ω+
2n | F in ΛF for all such n, which is impossible. For

the same reason, X−
∞ is also nontorsion. □

Now, for n ∈ Z≥0 we put H(Kn) =
∑

0≤m≤nHm, H(Kn) = H(Kn) ⊗o F/o, H(Kn)
ε(n) =

Hn ⊗o F/o and H(Kn)
−ε(n) = Hn−1 ⊗o F/o. By the norm relations, we have

H(Kn) = H(Kn)
+ +H(Kn)

−.(A.1)

Proposition A.15. Assume (Tama.), (Sel.) and (Inc.). For n ∈ Z≥0, we have rankoH(Kn) ≥
pn, whereby ranko Ψ(Kn) ≥ pn.

Proof. The argument is due to Matar [Mat21a, proof of Theorem 4.2]. By (A.1), we have

ranko(H(Kn)) = coranko(H(Kn))

= coranko(H(Kn)
+) + coranko(H(Kn)

−)− coranko(H(Kn)
+ ∩H(Kn)

−)

= pn + 1− coranko(H(Kn)
+ ∩H(Kn)

−).

Here in the last equality we used Proposition A.13 and the identity deg(ω+
n )+deg(ω−

n ) = pn+1.
As H(Kn)

ε ⊆ Selε(Kn, A)
ωε

n=0 for ε ∈ {±1}, we have the inclusion

H(Kn)
+ ∩H(Kn)

− ⊆ Sel1(Kn, A)
ω±

n =0.

As such, by Corollary A.12, we conclude that

ranko(H(Kn)) ≥ pn + 1− 1 = pn.

□
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A.4. Proof of Theorem B.

Proposition A.16. Assume (Tama.), (Sel.) and (Inc.). The Selmer modules X±
∞ are free of

rank 1 over Λ.

Proof. By Proposition A.9, we find

X±
∞/(γ − 1)X±

∞ ≃ Sel±(K,A)∨ ≃ o,

where the last identity is by assumption (Sel.). As recalled in §A.2.4, both X±
∞ are finitely gen-

erated Λ-modules. So Nakayama’s lemma shows that both X±
∞ are cyclic Λ-modules. Corollary

A.14 then forces both to be free. □

Next, we record the following analogue to [Kob03, Proposition 10.1].

Lemma A.17. Let n ∈ Z≥0. Let j be the map

j : Sel+(Kn, A)
ω+

n=0 ⊕ Sel−(Kn, A)
ω−

n → Sel(Kn, A)

induced from the inclusions Sel±(Kn, A) → Sel(Kn, A), sending (P1, P2) to P1 + P2. Then
im(j) ⊇ Sel(Kn, A)div.

Proof. The proof loc. cit. in fact can be carried verbatim to our situation: Let F,G ∈ Zp[[X]]
and m ∈ Z≥0 be such that Fω+

n +Gω̃−
n = pm. If P ∈ Sel(Kn, A)div, choose Q ∈ Sel(Kn, A) such

that pmQ = P . Then P+ = Gω̃−
n ·Q ∈ Sel+(K,An)

ω+
n=0 and P− = Fω+

n ·Q ∈ Sel−(K,An)
ω−

n =0

are such that P+ + P− = P . □

Proof of Theorem B, part 1. We have proved (I) in Proposition A.16. For (II), note that we have
already the lower bound from Proposition A.15. To establish the upper bound, we recycle the
following computation of Matar [Mat21a]:

coranko(Sel(Kn, A)) = coranko(Sel
+(Kn, A)

ω+
n=0) + coranko(Sel

−(Kn, A)
ω−

n =0)

− coranko(Sel
+(Kn, A)

ω+
n=0 ∩ Sel−(Kn, A)

ω−
n =0)

= ranko(X+
∞/ω

+
nX+

∞) + ranko(X−
∞/ω

−
n X−

∞)− coranko(Sel
1(Kn, A)

ω±
n =0)

= ranko(Λ/ω
+
n ) + ranko(Λ/ω

−
n )− 1

= pn.

Here, the first equality uses Lemma A.17, the second uses Lemma A.10, the third uses Proposition
A.16 and the inclusion F/o ≃ Sel(K,A) ↪→ Sel1(Kn, A)

ω±
n =0.

Concerning (III): Note that Proposition A.15 already shows that coranko(Ψ(Kn)⊗oF/o) ≥ pn.
As Ψ(Kn) ⊗o F/o ⊆ Sel(Kn, A), their divisible parts must coincide, whereby XAJ(Kn, A) =
XBK(Kn, A). As XBK(Kn, A) is defined as the quotient Sel(Kn, A)/Sel(Kn, A)div and thus is
cofinitely generated over o, we see that it is finite. □

Proof of Theorem B, part 2. We now prove (IV) and (V) with the aid of results from §5. First
note that (V) is immediate from Corollary 5.4.(2) and (III). Concerning (IV): From Remark
5.2.(ii) we have Sel(K∞, A)

Γ ⊆ Sel∅,∅(K,A) ≃ (F/o)⊕2. Hence, by Nakayama we have X∞ ≃
Λ2/a for some Λ-submodule a ⊆ Λ2. Now, dualizing the exact sequence

0→ lim−→
n

Sel1(Kn, A)
ω±

n =0 → lim−→
n

Sel+(Kn, A)
ω+

n=0 ⊕ lim−→
n

Sel−(Kn, A)
ω−

n =0 → Sel(K∞, A),

we find a map X∞ → Λ⊕2 with cokernel isomorphic to a certain projective limit of o-modules of
ranks bounded by 1 by Corollary A.12. This forces X∞ to have Λ-rank at least 2 and thus a = 0
(otherwise X∞ has a nontrivial annihilator), which gives (IV). □
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